
Quantum Field Theory I

Problem Set 5

Due: 17 October 2007

1. Lorentz Covariance of Dirac Equation Let Λµ
ν represent a Lorentz trans-

formation x′µ = Λµ
νx

ν. In the new frame, the Dirac equation is

1

i
γµ∂ ′

µψ
′(x′) +mψ′(x′) = 0

Note that the same gamma matrices are used in every Lorentz frame! Our goal
is to express ψ′(x′) in terms of ψ(x).

(a) Let σmn = 1

2
i[γm, γn], where m,n = 1, 2, 3 are spatial indices. Show that

σmn = εmnkΣ
k where Σ is the spin matrix for the Dirac equation.

(b) This result suggests that Mµν = 1

4
i[γµ, γν] ≡ 1

2
σµν is the generator of

Lorentz transformations. Show that Mµν satisfies the Lorentz algebra com-
mutation relations

[Mµν,M ρσ] = i(ηµρM νσ − ηνρMµσ + ηµσM ρν − ηνσM ρµ), (1)

It will be helpful to first show that the commutators of M with γ are those
with γ a four-vector, i.e.

[Mµν, γρ] = i(ηµργν − ηνργµ).

(c) Exploit these results to show that

ψ′(x′) = e−iλµνσµν/4ψ(Λ−1x′)

is a solution of the Dirac equation in the new frame provided ψ(x) is a
solution in the original frame and the matrix λ is related to Λ by

Λµ
ν = (e−λ)µ

ν.

[Note that because of the group property of the σµν established in the second
part of this problem, it is sufficient to demonstrate this for infinitesimal λ.]

(d) Notice that σ0k† = −σ0k, which means that the σµν generate a non-unitary

representation of the Lorentz group. Show that because of this the proba-
bility density ψ†ψ transforms as the time component of a four vector rather
than as a scalar field.
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Solution:

a) [γm, γn] = −

(

[σm, σn] 0

0 [σm, σn]

)

= −2iεmnk

(

σk 0

0 σk

)

≡ −2iεmnkΣ
k

b) [[γµ, γν], γρ] = γµγνγρ − γνγµγρ − γργµγν + γργνγµ = −4γµηνρ + 4γνηµρ by
virtue of the Clifford algebra. This establishes [M µν, γρ] = i(γνηµρ−γµηνρ).
Then [Mµν, γργσ] can be easily obtained verifying the Lorentz algebra.

c) ∂ ′
µγ

µe−iλµνσµν/4ψ(Λ−1x′) = e−iλµνσµν/4(Λ−1)α
µe

iλµνσµν/4γµe−iλµνσµν/4∂αψ
′. The

result follows if eiλµνσµν/4γµe−iλµνσµν/4 = (Λ−1) µ
β γ

β. We can easily establish

this last equality for infinitesimal transformations: (Λ−1)βµ = ηβµ − Gβµ:

eiλρτ σρτ /4γµe−iλρτ σρτ /4 = γµ − i
4
[γµ, λρτσ

ρτ ] = γµ + 1

2
(γρλ µ

ρ − γρλµ
σ) =

γµ + γρλ µ
ρ where we used antisymmetry of λ. We get the desired result if

λβµ = −Gβµ which is the infinitesimal version of Λ = e−λ. Note that Gµν

is antisymmetric in its indices.

d) ψ†ψ → ψ†e+iλµνσµν
†
/4e−iλµνσµν/4ψ. Inspection shows that σµν† = γ0σµνγ0.

(γ0 anticommutes with σ0i and commutes with σij.) Thus ψ†ψ → ψ†γ0

e+iλµνσµν/4γ0e−iλµνσµν/4ψ. But e+iλµνσµν/4γµe−iλµνσµν/4 = (Λ−1)µ
νγ

ν by c),
establishing the result.

2. Helicity basis for spin 1/2 particles. Helicity is defined as the component
of angular momentum of a particle along its momentum, i.e. h = p · J/|p| with
J = r × p + σ/2. Note that since p · (r × p) = 0, we may write, more simply,
h = p̂ · σ/2, where p̂ is a unit vector parallel to p.

(a) Show that the eigenvalues of h are ±1/2.

(b) Consider a single particle state |p, h〉 with momentum p and helicity h.
Show that rotations leave the helicity of the state unchanged.

(c) For p = pẑ, h = σz/2 and we may take |pẑ, h = ±1/2〉 ≡ |pẑ, σz = ±1〉 and
we fix the ambiguity at p = 0 by defining |0, h = ±1/2〉 ≡ |0, σz = ±1〉.
According to (b), we may define

|p, h = ±1/2〉 ≡ R0(p) |pẑ, σz = ±1〉

where R0(p) is a standardized rotation that takes pẑ into p. Let θ, φ be
the polar angles of p. Then take

R0(p) ≡ e−iφJze−iθJye+iφJz .

With this definition and using spinor notation

|p, σz = 1〉 ≡ |p〉

(

1

0

)

|p, σz = −1〉 ≡ |p〉

(

0

1

)

,
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show that

|p, h = 1/2〉 = |p〉

(

cos(θ/2)

eiφ sin(θ/2)

)

≡ |p〉χ1/2(p)

|p, h = −1/2〉 = |p〉

(

−e−iφ sin(θ/2)

cos(θ/2)

)

≡ |p〉χ−1/2(p).

(d) Using the results of (c) prove the following identities:

χλ(p) = − ieiλπ+2iλφχ−λ(−p)

iσ2χλ(p) =e2iλφχ∗
λ(−p).

Solution

a) h = ~p · ~σ/2|~p| satisfies h2 = 1/4 so its eigenvalues are ±1/2.

b) Under rotations, generated by ~J , both ~p and ~σ transform as vectors. Thus
h, the scalar product of two vectors, commutes with rotations, implying

that rotations do not change the helicity.

c) We evaluate

R0(~p) |pẑ〉

(

1

0

)

= |~p〉χ1/2(~p)

where χ1/2(~p) = e−iφσ3/2e−iθσ2/2eiφσz/2

(

1

0

)

= eiφ/2e−iφσ3/2(cos θ/2 − iσ2 sin θ/2)

(

1

0

)

=

(

cos(θ/2)

eiφ sin(θ/2)

)

Similarly we

find χ−1/2(~p) = e−iφσ3/2e−iθσ2/2eiφσz/2

(

0

1

)

= e−iφ/2e−iφσ3/2(cos θ/2 − iσ2 sin θ/2)

(

0

1

)

=

(

−e−iφ sin(θ/2)

cos(θ/2)

)

d) Putting θ−~p = π−θ~p and φ−~p = π+φ~p, we have χ1/2(−~p) = −eiφχ−1/2(~p) and
χ−1/2(−~p) = e−iφχ1/2(~p). We easily check that these two relations imply

χλ(~p) = −ieiπλ+2iλφχ−λ(−~p). First evaluate iσ2χλ(~p) = (−)λ+1/2χ∗
−λ(~p).

Then use the first identity to get the result.

3. Demonstrate that the Dirac bilinears, ψ̄(x)ψ(x), ψ̄(x)γ5ψ(x), ψ̄(x)γµψ(x),

ψ̄(x)γ5γ
µψ(x), and ψ̄(x)σµνψ(x), transform under Lorentz and parity transfor-

mations as scalar, pseudoscalar, vector, axial vector, and second rank tensor
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fields respectively. (The terms pseudo- and axial refer to opposite than “normal”

parity properties. For a normal 4-vector, the time component is even and the
space component is odd under parity. A normal scalar is even under parity.)

Solution Because σµν† = γ0σµνγ0, ψ̄Aψ → ψ̄e+iλµνσµν/4Ae−iλµνσµν/4ψ for any
matrix A. If A = I or A = γ5 the bilinear is a scalar under proper Lorentz

transformations since both commute with σµν. If A = γµ or A = γ5γ
µ, problem

1b) above shows that the bilinear is a four vector under proper L.T.’s, and γµγν

(and hence also σµν) is a two index tensor under proper L.T.’s. Since the parity

transformation on ψ includes multiplication by β = γ0, and γ5γ
0 = −γ0γ5, an

extra γ5 in the bilinear produces an extra − under parity converting a proper

tensor to a pseudo-tensor.

4. Show that the Dirac equation implies that the free electron has a Landé
g factor of 2. [Hint: Identify the magnetic moment by examining the Dirac

equation for a weak slowly varying magnetic field B = ∇×A in the limit that the
electron is moving slowly. The field enters the Dirac equation via the substitution

∇ → ∇− iqA. In this situation, after eliminating the lower two components of

ψ =
(

φ
χ

)

in favor of the upper two components, the D.E. should go over to the

NR Schrodinger equation with a term that can be identified as −~µ · ~B.]

Solution:

For a slow electron it is convenient to write ψ = e−imtψ0. Then time deriva-

tives of ψ0 can be neglected compared to m and we find χ0 ≈ ~σ · (∇ − iq ~A)φ0.
Then we find the equation for φ0:

iφ̇0 ≈ −
1

2m
[~σ · (∇− iq ~A)]2φ0 = −

1

2m
(∇− iq ~A)2φ0 −

q

2m
~σ · ~Bφ0

where we used σkσl = δkl + iεklmσm. The last term shows that the spin part of

the magnetic moment is ~µ = q~σ/2m = q ~S/m ≡ gq~S/2m. That is g = 2.

5. The Dirac equation for an electron in the Coulomb field of a proton is

(iγ · ∂ + γ0
e2

4πr
−m)ψ = 0.

(a) Writing the wave function for a stationary state in the form

ψ(x) = e−imt−iEt

(

φ(x)

χ(x)

)

where φ and χ are 2 component spinors, solve for χ in terms of φ and show
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that φ satisfies the equation

{

−σ · ∇

(

2m+ E +
e2

4πr

)−1

σ · ∇ −
e2

4πr

}

φ = Eφ.

Solution: Writing D.E. in std rep, gives

(m+E)φ =

(

m−
e2

4πr

)

φ+
1

i
~σ·∇χ; (m+E)χ =

(

−m−
e2

4πr

)

χ+
1

i
~σ·∇φ

Solve 2nd eq for χ, plug in first to get desired eq.

(b) By taking suitable limits on the Dirac equation in this form, find the first
relativistic corrections to the nonrelativistic Schrödinger equation. Identify

the correction terms with the familiar spin-orbit and relativistic kinetic
energy correction terms used to understand the fine structure splittings in
junior quantum mechanics, paying attention to any differences. What can

you conclude about the splittings of the 2s and 2p levels of hydrogen?

Solution: For zeroth order, E, e2/4πr = O(mα2) and ∇ = O(mα). Thus
it is enough to keep just 2 terms in expansion (2m + E + e2/4πr)−1 ≈
(1 − E/2m − e2/8πmr)/2m, since the two ∇’s it multiplies are O(m2α2).

For the same reason, we can replace (E + e2/4πr)φ → −(∇2/2m)φ in
that term. To do this, we have to bring the 1/r next to the φ by using
[1/r, ~σ · ∇] = ~r · ~σ/r3. After all these changes the eq reads

{

−
∇2

2m
−

e2

4πr

}

φ+
1

4m2

{

~σ · ∇
e2~r · ~σ

4πr3
−

∇4

2m

}

φ = Eφ.

Next use σkσl = δkl + iεklmσm to simplify the terms involving ~σ

{

−
∇2

2m
−

e2

4πr

}

φ+
1

4m2

{

e2~r

4πr3
· ∇ + e2δ(~r) +

e2~σ · ~L

4πr3
−

∇4

2m

}

φ = Eφ.

where ~L = −i~r ×∇ is the orbital angular momentum. Finally we have to

consider the normalization condition of the Dirac wavefunction

1 =

∫

d3x(φ†φ+ χ†χ) ≈

∫

d3xφ†

(

1 −
∇2

4m2

)

φ

which shows that the Schrodinger w.f. should be identified with ΨS =
√

1 − ∇2

4m2φ ≈
(

1 − ∇2

8m2

)

φ. To convert φ to ΨS in the equation we apply
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(1 − ∇2/8m2) to both sides. We pick up the commutator [−∇2, 1/r] =

4πδ(~r) + 2(~r/r3) · ∇ in the first term. (The commutators from the second
term are higher order than we keep).

{

−
∇2

2m
−

e2

4πr
+

e2

8m2
δ(~r) +

e2~σ · ~L

16m2πr3
−

∇4

8m3

}

ΨS = EΨS.

The last three terms in the braces show the relativistic corrections. The
fourth term is the standard spin orbit coupling, the fifth term is the stan-

dard relativistic correction to the kinetic energy, and the third term is the
so-called Darwin term, which contributes only to l = 0 level shifts. Thus for

l 6= 0 we read off the level shifts from any text on undergraduate quantum

mechanics:

∆Enjl = −
mc2α4

2n3

[

1

j + 1/2
−

3

4n

]

, l = j ± 1/2 > 0

For l = 0 (j = 1/2) the spin orbit term vanishes but we have the Darwin

shift απR2
n0(0)/2m2 = mc2α4/2n3 added to the shift from the K.E. cor-

rection, and the result is the above for j = 1/2. Thus the D.E. equation

predicts corrections that depend only on n and the total angular momentum
j. In particular, the 2s1/2 and 2p1/2 levels remain degenerate. Experimen-

tally they are not degenerate, split by the famous Lamb shift, which is
caused by QED radiative corrections.
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