
Standard Model/Quantun Field Theory III

Problem Set 3

Due: Wednesday, 19 February 2020

Suggested reading: QFT Notes, Ch 27; Sr, Secs 93-94; P, Ch 19; Sc, Ch 28-30. Here Sr=Srednicki,
P=Peskin&Schroeder, and Sc=Schwartz.

8. In this problem we address how to include the θ parameter in the chiral effective Larangian for
pions and nucleons and then identify diagrams that give an electric dipole moment to the neutron.
In class we have learned that it is actually θ̄ = θ + nFα, where α is a phase in the mass matrix
M , that is measurable: if M has a zero eigenvalue, physics is independent of θ. If M is brought to
diagonal form by SU(nF ) matrices, the diagonal entries can all be made positive times a common
phase that can be identified with θ̄. Then M = meiθ̄/nF where m is diagonal with positive entries.

a) Consider first the alignment problem: Find the minimum U0 of the chiral symmetry breaking
terms

−Tr m(Ueiθ̄/nF + U †e−iθ̄/nF ), U ∈ SU(nF )

for nF = 2. Note that it is the restriction of the order parameter U to have unit determinant
that prevents θ̄ from beiing set to zero: the U(1) problem is solved in the effective action by
banishing the associated NGB.

b) The NGB’s (i.e. pions) can then be described by writing U(x) = U0e
iπaτa/F , and constructing

the effective action as in Eq(25.89). To allow for the proton neutron mass difference requires
additional terms bilinear in the nucleon fields with coefficients linear in M (see, for example,
Srednicki, Sec 94). Expanding such an effective Lagrangian up to terms linear in πa leads to
Yukawa interaction terms

−igAmN

F
πaN̄τaγ5N −

cµθ̄

F
πaN̄τaN

where c is a number of order unity which connects quark mass differences to the neutron
proton mass difference and µ ≈ mumd/(mu + md). Assuming these vertices, draw the one
loop NN̄γ diagrams describing the emission of a photon from a virtual charged pion line
connecting a πnp vertex from the first term to another one from the second term. Write
down the amplitude for each diagram as an integral over loop momentum.

c) Explain why the diagrams of part b) predict an electric dipole moment for the neutron. It is
meaningful even though derived from a chiral effective action, because it has an IR divergence
if mπ → 0. Cutting off the UV at p = F calculate the coefficient of ln(mπ/F ) in these
diagrams. (This “chiral log” comes from the low momentum part of the loop integral.)

9. We shall soon need the generic electoweak vacuum polarization fermionic contributions in cal-
culating the self-energies of the electroweak vector bosons, which determine the contribution of the
top quark to an important parameter ρ of the standard model. The two vertices are γµ(1 + h2γ5)
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and γν(1 + h2γ5) and the masses of the two fermion propagators are different m1,m2. Start with
the expression

Πµν(k) =

∫ 1

0
dx

∫
dDpE
(2π)4

Trγµ(1 + h1γ5)(m1 − γ · (p− k(1− x)))γν(1 + h2γ5)(m2 − γ · (p+ kx))

(m2
1x+m2

2(1− x) + p2 + k2x(1− x))2
,

obtained after the Feynman trick to combine denominators and the shift of p → p + xk, and also
after the Wick rotation. For example the usual QED vacuum polarization is the case m1 = m2 = me

and h1 = h2 = 0.

a) Calculate the trace of Dirac gamma matrices in the numerator and show that after averaging
over directions of pµ, the numerator becomes (in D dimensions)

2D/2
(
−m1m2(1− h1h2)ηµν + (1 + h1h2)

[(
2

D
− 1

)
p2ηµν − x(1− x)(2kµkν − k2ηµν)

])
(1)

b) Derive the following identity which enables the evaluation of the integral over loop momentum:∫
dDp

(2π)D
(p2)m

(p2 +A2)n
=

(A2)D/2+m−n

(4π)D/2
Γ(m+D/2)Γ(n−m−D/2)

Γ(D/2)Γ(n)
.

Since the integrand depends only on the length of p, you may use “polar” coordinates in D
dimensions: ∫

dDp→ ΩD

∫ ∞
0

pD−1dp.

Where ΩD is the result of integrating over angles. To find its value integrate the function
e−p·p in cartesian coordinates and polar coordinates and compare. The remaining “radial”
integral over p can be transformed into a standard representation of the Euler beta function
B(x, y) ≡ Γ(x)Γ(y)/Γ(x+ y) =

∫ 1
0 dtt

x−1(1 − t)y−1. Specialize to the cases n = 2 and
m = 0, 1.

c) Evaluate Πµν(k) using dimensional regularization. The answer is Πµν(k) = ηµνΠ0(k2)−(kµkν−
k2ηµν)Π(k2) where

Π(k2) =
1 + h1h2

2π2

∫ 1

0
dxx(1− x) ln

{
Λ2

A2(x)

}
Π0(k2) =

1

4π2

∫ 1

0
dx
(
(1 + h1h2)[m2

1x+m2
2(1− x)]−m1m2(1− h1h2)

)
ln

{
Λ2

A2(x)

}
with A2 = m2

1x + m2
2(1 − x) + k2x(1 − x), and the divergence as d → 4 has been combined

with the µ parameter that defines the scale in dimensional regularization to give a cutoff
parameter Λ2.
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