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1 Introduction

When first learning about a model or theory in physics, it is helpful to first
study the history behind it. Typically, this begins with understanding why
there was a need for a new model, which is oftentimes the preceding model’s
failure to predict some observation. Early models usually take a simpler
approach to finding a solution, so studying them can aid in developing an
intuitive understanding of the problem and how to approach it. One does not
have to spend a considerable amount of time on this, but at least going over it
will make further study of the theory more approachable. In the proceeding
sections, we will review this groundwork for the theory of inflation and the
theory of axions.

1.1 Motivation and Early Theories for Inflation

The theory of inflation was developed in response to two problems standard
cosmology could not solve. They are the horizon problem and the flatness
problem. The former is concerned with why the CMB is so isotropic for parts
of the universe not causally connected. The latter asks why the universe is
geometrically flat on large scales [1]. First, we examine the predictions made
by standard cosmology. Starting with the Robertson-Walker metric,

ds2 = −dt2 + a2(t)(
dr2

1− κr2
− r2dΩ2)

and modeling matter as a perfect fluid, we can easily derive the Friedmann
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equations [2]

(
ȧ

a
)2 =

8πG

3
ρ− κ

a2
(1.1.1)

ä

a
= −4πG

3
(ρ+ 3p) (1.1.2)

Assuming the energy density, ρ, is proportional to a−n, using 1.1.1 we find
a ∝ t( 2

n
). The early universe was radiation dominated, in which case n=4.

The proper distance a photon has travelled since t=0 on a radial path in flat
space is given by [1]

∆r = a(t)

t∫
0

dt

a(t)
(1.1.3)

So, ∆r = 2t for a radiation dominated universe and is the maximum distance
two points can remain causally connected. Thus, standard cosmology pre-
dicts points separated by a distance greater than this should have no effect
on one another. However, current measurements of the CMB show the tem-
perature is very isotropic for causally disconnected points, which gives rise to
the horizon problem. Next, the density parameter for a radiation dominated
universe is

Ω =
8πGρ

8πGρ− κ
a2

∝ 1 + κa2 (1.1.4)

Notice that Ω = 1 is a special case for a flat universe. For an open universe,
κ < 0 and Ω goes to zero as time passes. For a closed universe, κ > 0 and
Ω continually increases as time passes. In either case, the density parameter
continually strays further from unity [1]. However, current measurements
show Ω ∼ 1, so the previous prediction is incorrect.

Work to solve these problems, which would develop into the theory of infla-
tion, first began in the 1970s. An early solution by Alan Guth 1981 takes a
simple approach. He makes the assumption that at some point after the big
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bang the universe is a supercooled false vacuum state with an approximately
constant energy density [3]. With this, equation 1.1.1 becomes

ȧ ≈ 8πGρ

3
a

which has the solution a ∝ e±Hit, where the constant has been defined as
Hi. Thus, during this period the universe undergoes exponential expansion.
This solution solves the two puzzles. From equation 1.1.3 we can see that
∆r will also increase exponentially and with constant energy density Ω will
tend toward unity. The amount of expansion (i.e. the number of e-foldings)
needed to produce predictions which agree with current measurements is
model dependent, where it varies greatly. The simplest model we can consider
is of a scalar field with a power law potential, V (φ) ∝ φn, where the number
of e-foldings that occur during inflation is given by [1]

N =

∫ tf

ti

dtH(t) (1.1.5)

The function H(t) is the Hubble parameter. Still working in the FRW metric,
the equation of motion and H(t) are given by

φ̈+ 3Hφ̇ = −dV
dφ

H2 =
1

3m2
p

(φ̇2 + V )

where mp is the reduced Planck mass [2]. From equation 1.1.5, we can see
the number of e-foldings depends on how long the inflationary period lasts.
As mentioned previously, different models predict a different number of e-
foldings, however most models agree that there should be at least 50 [4]. For
this to occur, inflation has to last an extended period of time, which allows
us to make a couple assumptions to get an estimate for the number of e-
foldings. Suppose φ starts at some initial, then we want it to slowly roll over
a long period of time to its final value, when inflation ends. This will occur
if the following are satisfied [2]
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φ̈ << φ̇,
dV

dφ

φ̇2 << V (φ)

Using these conditions and the previous equations, with a bit of algebra we
can easily find

N ≈ 1

2nm2
p

(φ2
i − φ2

f )

Clearly, to get many e-foldings the initial field value must be quite large
and the final field value small. This is an example of large field inflation,
since it requires δφ > nmp. There are essentially three different types of
inflation: large field, small field, and multi field. Small field inflation satisfies
δφ < nmp, while multi field inflation models have a potential composed of
several fields which satisfy both conditions. A large area of research that
continues today is on the initial conditions of inflation for models such as
these [3]. This fine-tuning problem requires lots of work, since aside from the
number of e-foldings there are many more delicate requirements which must
be satisfied.

Although the models we just worked through are the basic, they provide
an intuitive motivation for the universe to undergo a period of accelerated
expansion.

1.2 Motivation and Early Theories for Axions

A primary focus of particle physics is the study of symmetries within various
interactions. The most important of which are charge conjugation (C), parity
(P), and time reversal (T). The CP symmetry in particular essentially states
that under exchanging a particle with its antiparticle and doing a mirror re-
flection of its spatial coordinates, the Lagrangian describing the interaction
should be invariant. This symmetry however has been observed to be vio-
lated in weak interactions. Several experiments have shown CP violation for
various processes. The first notable one was in 1964, carried out by James
Cronin and Val Fitch. Their experiment studied the decay of kaons to pions.
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For kaons, there is a short lived state which is CP even and decays to ππ,
since it is also CP even, and a long lived state which is CP odd and decays to
πππ. In their experiment, they found the long lived state decays to ππ about
0.2% of the time, suggesting CP violation [5]. To highlight its importance,
this work won them the Nobel Prize in 1980.

Unlike the weak interaction, which violates CP symmetry easily, there has
been no observed CP violation in strong interactions, despite the fact that
the QCD Lagrangian contains symmetry break terms. In particular, the CP
violating term is given by [5]

Lθ = θ̄
g2
s

32π2
εµναβFµνFαβ

One consequence of this CP violation is that the neutron should have an
electric dipole moment, dn, proportional to θ̄. However, current experiments
show dn < 2.9 × 10−26, which corresponds to θ̄ < 10−10, indicating little to
no CP violation [5].

The mystery of why no CP violation has been observed for strong interactions
is known as the strong CP problem. One proposed solution is to add an
additional field, , so there is a new UPQ(1) symmetry, the Peccei-Quinn
Symmetry. When this symmetry is spontaneously broken, a new pseudo
Goldstone boson will be produced. Then, under a chiral rotation, can be
moved into θ, which then does not appear in the ground state, removing
the CP violating term [5]. This solution was proposed by Roberto Peccei
and Helen Quinn in 1970, who the symmetry is named after. The pseudo
Goldstone boson produced is known as the axion.

The significance of the axion is how far reaching it is in physics. Along with
its standing in particle physics, it is also quite important in cosmology. First,
properties of the axion make it a suitable candidate for dark matter. Second,
axion fields have been suggested as being the driving force behind inflation,
which is known as axion monodromy. The fact the axion provides insight to
physics at the smallest and largest scales is quite remarkable and makes it
interesting to learn about. In the following section, we will cover reheating,
axions as dark matter, and the consequences of axion dark matter on infla-
tion. The proceeding section will be a discussion of axion monodromy.
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2 Reheating and Axions as Bystanders

2.1 Reheating

At the end of inflation, the inflaton field φ will begin to oscillate about its
minimum producing many particles. Suppose that prior to inflation the uni-
verse is at some temperature Ti. Then, during inflation the temperature
drops to nearly zero. We know shortly after inflation big-bang nucleosyn-
thesis takes place. For this to occur, the universe must reheat to a sufficient
temperature [6], hence a period of reheating. Early models of reheating con-
sider the inflaton field to be a collection of scalar particles that have some
probability of decaying. In QFT, we learn that a general real scalar field has
the form

φ(t, ~x) =

∫
d3p

(2π)2
(ap(~p)e

−ipx + ap
�(~p)eipx) (2.1.1)

where ap is the annihilation operator for the associated particle and ap
� is the

creation operator. Although this description is not accurate, thinking of the
inflaton field as a sum of such scalars, each with an associated particle that
has some probability of decaying is an easy way to understand the general
idea. Suppose the inflaton field couples to an additional scalar field χ or a
fermion field ψ with interactions given by

L = νσφχ2

L = hφψ̄ψ

where σ is a mass term and ν and h are dimensionless coupling constants [6].
We can use the decay rates for these interactions to estimate for the reheat
temperature. Assuming the inflaton mass is much larger than the others, at
tree level the decay rates are

Γφ→χχ =
ν2σ2

8πmφ

Γφ→ψp̄si =
h2mφ

8π
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An upper limit on the temperature is obtained by equating the total decay
to the Hubble parameter, since thermalization will not occur for Γ < H [6].
For the Hubble parameter and an energy density of the forms

Γ = H = (
8πρ

3m2
p

)
1
2

ρ =' g∗
π2T 4

30

where g∗ is the effective number of massless degrees of freedom of order
O(102), we can easily find the temperature to be given by

T = (
90

8π3g∗
)
1
4

√
Γmp

It must be emphasized that this is simply an estimate for the upper limit
of the reheat temperature. When other interactions and decay processes are
included, its form will be changed since both H and Γ will change [6]. These
decay rates are calculated perturbatively, so this model is sometimes referred
to as perturbative reheating, since it requires perturbative techniques.

Contrary to this, more modern models of reheating include a period of pre-
heating immediately after inflation which require nonperturbative methods.
As mentioned before, at the end of inflation the field(s) will begin to oscillate
about their potential’s minimum, as shown in figure 1.
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Figure 1: Example of the inflaton field oscillating about the minimum of a
quadratic potential. The region of inflation is when the field is in the slow-
roll regime.

During this period, one possibility is the oscillations of the fields become
coherent, which drive parametric resonances. This results in a surge of par-
ticles being created, many more than perturbative models predict [7]. Before
working through an example, we must first setup our framework. Consider
the action

S =

∫
d4x
√
−g
[
M2

p

2
R− 1

2
GIJ gµν∂µφI∂νφJ − V (φI)

]
for N scalar fields [7]. We want to consider quantum fluctuations of the
fields, so to first order we can write the scalar fields as

φI(xµ) = ϕI(t) + δφI(xµ)

Then, from the above action the equations of motion are given by
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φ̈I + ΓIJLφ̇
J φ̇L + 3Hφ̇I + GIK ∂V

∂φK
= 0

Now, let’s consider these without gravity and for a pair of scalar fields φ and
χ, with 〈χ〉 = 0 [7]. Also, with the following potential

V (φ, χ) =
1

2
[m2

φφ
2 +m2

χχ
2 + g2φ2χ2]

Then, after quite a bit of simplification, the equations of motion for the
fluctuations are given by

δφ̈k + (k2 +m2
φ)δφk = 0

δχ̈k + (k2 +m2
φ + g2ϕ2)δχk = 0

The first equation is clearly that of a simple harmonic oscillator. The second
equation is one form of Hill’s equation, whose solutions are called parametric
oscillators [7]. To solve the second equation, one has to utilize Floquet’s
theorem, however in the interest of time we will skip over these details. The
fluctuations in the χ field grow exponentially, χ ∼ eµt for some real parameter
µ, which depends on the coupling constant g and the wavenumber k [7].
Finally, what we are actually interested in, the number density of particles
per mode is given by

nk =
1

2ωk
[|δχk|2 + ω2

k |δχk|2]− 1

2

Thus, we can see that at the end of inflation, for certain modes, there will
be a surge of particles created, which is known as preheating [7]. Although
this process significantly speeds up the time it takes for the universe to re-
heat, notice that it must stop prior to big bang nucleosynthesis. In fact,
this period is short lived. The previous analysis was done considering only
linear dynamics, however after a short time the nonlinear dynamics will be-
gin takeover [7]. Solutions to the nonlinear dynamics are often found using
numerical simulations.

The last stage of reheating is complete thermalization. At the end of this
process, the universe becomes radiation dominated in thermal equilibrium
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at some temperature Treh [7]. Work to fully describe the reheating process
and predict a value for the reheat temperature is still ongoing. Developing
a complete model for the dynamics of preheating, the nonlinear regime, and
thermalization appears to be an extremely challenging and tedious task.

2.2 Axions

At some point in the early universe, the Peccei-Quinn symmetry in the QCD
lagrangian is spontaneously broken. When this occurs, the symmetry break-
ing term θ becomes a dynamical variable and tends towards zero. Conse-
quently, the axion begins to be produced [8]. While this is the general idea
of axion production, there are many unknowns associated with the process.
In this section, we will discuss several variations of axion production and
their implications for theories of inflation.

Let’s start by exploring a more conventional process. Simple models are well
characterized by a single parameter, fa, the scale at which PQ symmetry is
spontaneously broken. Continuing to work in a FRW background, for broken
symmetry the dynamical variable θ is governed by the following equation of
motion

θ̈ + 3H(T )θ̇ − ∇
2θ

a2
= − 1

f 2
a

∂V (θ, T )

∂θ

where T is the temperature [8]. For zero temperature and small θ, the po-
tential is respectfully given by

V (0, θ) = Λ4(1− cos(θ))

V (T, θ) =
1

2
m2
a(T )f 2

aθ
2

where the temperature dependent mass is given by

ma(T ) = ma(0)

{
b(

ΛQ

T
)4 T & ΛQ,

1 T . ΛQ,
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and where Λ sets the QCD vacuum energy scale, b is some parameter depen-
dent on QCD physics, and ΛQ is the strong coupled energy scale for QCD
[8]. When the temperature drops below Tosc, which is defined as

ma(Tosc) = 3H(Tosc)

the field begins to oscillate and axions are produced [8]. At this point, the
literature makes the assumption this is occuring during a period when the
universe is radiation dominated. However, as mentioned before beginning,
this is true when following conventional models, which the author acknowl-
edges, but is not necessarily true for all allowed models. In this case, the
Hubble parameter is given by

H2(T ) =
1

3m̄pl

π2

30
g∗(T )T 4

which we saw implicitly saw earlier. With these, several constraints can be
determined which place bounds on the allowed inflation energy. First we will
look at isocurvature fluctuations, which satisfy the following conditions for a
local equation of state and total energy density

δ
ni
s
6= 0

δρ = 0

where s is the entropy density and ni is the number density [8]. Consider a
period where the universe is radiation dominated. Then the total change in
energy density is simply a sum over the change in mass energy of all particles
and the change in radiation energy density. This is given by

0 = ρiso = maδa + 4ρr
δT

T
+
∑
i 6=a

miδi

Next, we define a fractional change in the number density to the entropy
density
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Si =
δ ni

s
ni

s

=
δni
ni
− 3

δT

T

Recalling that once the period of radiation dominance begins, the axion
acquires a mass and the change in its energy density is quite large. However,
during this same time the change in the radiation energy density will not
change much. Thus, we have δna

na
� δT

T
, so Sa = δna

na
[8]. Now, skipping

through a bit of algebra, we want to consider the temperature fluctuations
moving into a matter dominated universe. The isocurvature fluctuation for
temperature is given by

(
δT

T
)iso ≈ −

ξa
3ξm

Sa

where ξa and ξm are the axion energy per photon and total matter energy
per photon, respectfully [8]. The reason we are interested in the temperature
fluctuation specifically is that it is something we have actual data to compare
the model to and the data collected by COBE and WMAP is extremely
precise. We then define the isocurvature fluctuation amplitude as

αa =
〈( δT

T
)2
iso〉

〈( δT
T

)2
tot〉

=
8

25

( ξa
ξm

)2

〈( δT
T

)2
tot〉

σ2
θ(2θ

2
i + σ2

θ)

(θ2
i + σ2

θ)
2

This equation, with known data and previous models, allows us to rule out
sets of values for the parameter fa and the energy of inflation. Without going
into detail, other analyses that generate additional constraints are considering
the cases of axions being the abundant source of dark matter versus a small
fraction and experimental data from ADMX [8]. All of the constraints put
together yield strong results. It shows for fa = 1016GeV , then energies of
inflation which have values EI ≥ 3.8 × 1014GeV , or r ≥ 9 × 10−9, are ruled
out at 95% confidence [8]. Tying it back to a simple scalar field model of
inflation with a power law potential, the relation between r and the number
of e-foldings for an nth degree potential is given by

r =
4n

Ne
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where plugging in say r = 8 × 10−9 and n = 2 yields Ne = 109, which is
clearly not suitable in any model. It is quite incredible how we are able to
limit the parameter space of various inflation models without ever making
an assumption about the field driving it.

We will now consider a fairly new mechanism for the production of axions, the
inflaxion mechanism. In nearly all theories of axion production, including the
ones we have already looked at, assume that the inflation Hubble parameter
is much larger than the mass of the axion. However, this is not a strict
requirement and there is no reason one cannot consider a regime where the
axion mass is larger. This is exactly the scenario we will be exploring.

The general idea of the inflaxion mechanism is the axion field begins at
its minimum during inflation, then at the end of inflation, kinetic mixing
between the axion and inflaton kick the axion out of its minimum as the
inflaton relaxes towards its own minimum. This mechanism is for a specific
range of values with the following inequalities being satisfied

Tinf < Λ < Tmax < f

mσ < Hinf < mσ0 < mφ

where the axion is denoted by σ, Tinf is the inflationary de Sitter tempera-
ture, and mφ is the inflaton mass [9]. Let’s examine what the first inequality
is telling us. First, Tinf < Λ indicates the U(1) symmetry was broken during
inflation, giving rise to the axion field and allowing it to relax to its mini-
mum before inflation ended. Next, the inequality involving the right three
terms means the axion mass will be temperature dependent during reheat-
ing, however the temperature will never get large enough such that the U(1)
symmetry becomes unbroken.

The second equality is simply telling us the inflaton mass is larger than the
axion mass, which becomes smaller during the period of reheating. The
interaction for this process is essentially the sum of the lagrangians for the
axion and inflaton fields, along with a kinetic mixing term and a coupling
term. It is given by
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L√
−g

=− 1

2
gµν∂µσ∂νσ −

1

2
m2
σσ

2

− 1

2
gµν∂µφ∂νφ− V (φ)− αgµν∂µφ∂νσ + Lc[σ, φ,Ψ]

where α is some dimensionless coupling constant that satisfies |α| < 1 and
Lc[σ, φ,Ψ] is a stand in for other possible couplings to various fields [9]. Writ-
ing out the interaction in this form is suggestive of what reheating mechanism
follows. The reheating process for this mechanism is of the perturbative kind
we examined earlier, where various decay rates between the axion and in-
flaton fields and other fields must be calculated perturbatively. As shown
before, if we only consider two point interactions, the decay rates can be
quite easy to write down.

If we consider a period of reheating where the axion mass is temperature
independent, then the kinetic and mass terms in the previous lagrangian can
be diagonalized to yield

L√
−g

=
∑

i=DM,RH

(−1

2
gµν∂µϕi∂νϕi −

1

2
m2
iϕ

2
i ) + Lc[σ, φ,Ψ]

where DM and RH refer to the dark matter and reheaton fields [9]. The
reheating process for this would now include the decay rates of these new
fields. This newly developed model is quite interesting to study as it steps
outside the usual framework many other models work in.

2.3 Axions as a Dark Matter Candidate

We know the dark matter in the present universe, whatever it may be, is very
cold (i.e. the matter is non relativistic and has been for most of its lifetime)
and weakly interacts with regular matter [2]. For a particle to be a suitable
dark matter candidate, it must at the very least satisfy these conditions.
Axions satisfy these and thus are a candidate for dark matter. Although
axions have very small masses, they would still be cold because they are
produced non-thermally.
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As we saw before, constraints placed on the axion parameters, such as the
decay constant fa, also result in constraints being placed on various inflation
models. One such search that has been successful at placing constraints on
the axion is the Axion Dark Matter Experiment (ADMX). The experiment is
essentially a very sensitive radio trying to detect axions from the dark matter
halo in the Milky Way. The discovery of the axion would be very significant
and have strong implications on theories of inflation.

3 Axion Driven Inflation

An important part of developing a model for inflation is ensuring the dynam-
ics of the field allow for an extended slow-roll regime. The slow-roll regime
is characterized by the slow roll parameters given by

ε = m̄pl(
V ′

V
)2

η = m̄pl(
V ′′

V
)2

where m̄pl is the reduced Planck mass and V = V (φ) is the potential [2]. The
slow roll parameters can be sensitive to small fluctuations in the potential.
This is the main motivation for inflation driven by an axion field. Axions have
PQ shift symmetry (i.e. the dynamics of the axion are invariant under φ→
φ+ c, some constant c). This symmetry ensures the flatness of the potential
remains unchanged from quantum corrections [10]. Thus, the slow-roll regime
for inflation driven by axions is less sensitive, which is beneficial.

We must notice this form of axions are different to the ones discussed in the
previous section. As we have already seen, the field must decay at the end
of inflation during reheating. This means following inflation, the axion field
will relax to zero and there will be no axion particles in the universe. So,
these are not QCD axions nor are they axion dark matter. Essentially, it
is advantageous to consider inflation driven by a spin zero field with shift
symmetry and since the axion satisfies this, it is convenient to use.

The simplest model of axion inflation is referred to as Natural Inflation where
we consider an axion field φ with a potential given by
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V (φ) = Λ2
a(1± cos(

φ

fa
))

where fa is the axion decay constant and is of order fa ∼ m̄pl [10]. To see
how this model makes predictions which can be tested, we must introduce
two new parameters, the tensor to scalar ratio r and the scalar spectral index
ns. The tensor to scalar ratio arises from considering perturbations in the
metric, which get split up into scalar, vector, and tensor perturbations [6].
While there are several conventions for defining the ratio, they all essentially
depend on the amplitudes of the tensor and scalar modes of the perturbation,
either explicitly or implicitly. The scalar spectral index is a way to quantify
primordial density perturbations. One expression for it is given by

ns − 1 ≡ dln(Ps)
dln(k)

|k=aH

where Ps is the scalar power spectrum, k is the wavenumber, and k = aH
is the Hubble-radius cross [6]. Results for the allowed regions in the param-
eter space of these is presented in several papers published by the Planck
Collaboration (for example, see [11]). Predictions made by the Natural In-
flation model for r and ns overlap with allowed regions. These regions are
constrained by measurements of the CMB and thus this model can be tested
against experimental data [10].

In some string theories, we can find fa < m̄pl, which disagrees with the
previous estimate. A solution to this is to consider a variation of Assisted
Inflation for axions, N-flation, where we consider N seperate axion fields
which frictionally couple to one another [10]. The overall potential of this
system is given by

V (~φ) =
N∑
n=1

Vn(φn)

where each Vnφn has a similar form to the potential in natural inflation, each
with parameters Λn and fn [10]. Let’s consider the case where fn = fa and

Λn = Λa. We displace each field by ∆φn = αm̄pl, where α2 < 2πf2a
m̄2

pl
[10]. Using
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Pythagoras’ theorem, we can find the total displacement, φr =
√
Nαm̄pl. In

this model, it is the radial motion of the fields which acts as inflation. We can
see for sufficiently large N the condition fa < m̄pl is allowed [10]. Recall the
motivation to develop this variation of natural inflation is to have a model
which satisfies predictions made by string theories. The next axion inflation
process we will look at is essentially the next step up, i.e. one developed
within string theory.

This model of inflation is known as axion monodromy. The basic idea behind
it is we want a model that allows for large field excursions, which still has a
potential with a slow roll regime [12]. We can achieve this by adding a power
law term to the potential in natural inflation, so that it has the form

V (φ) = µ4−pφp + Λ4
a(1− cos(

φ

fa
))

where µ is some parameter and p some number [10]. We should notice a few
things about this potential. First, it no longer has shift symmetry. Second,
since we are considering large field excursions, the potential will take on
very large and small values. Thus, the model requires UV completion, which
motivates its development within string theory [12]. Lastly, the potential
continuously increases each time the axion completes a period, introducing
monodromy to the system and hence the name axion monodromy [12]. For
the above equation, values of p for which the model predictions allowed of ns
and r are p = 2

3
, 1, 4

3
[10]. Further investigation of axion monodromy requires

extensive discussion of string theories, so we will stop here. Comparing this
model of inflation to the one discussed in the introduction, we can see the
theories span a large range of complexity, all with differing motivations.

4 Conclusion

The process of learning all the material went much more smoothly than I
had anticipated. My initial reading list covered a fairly broad range of topics
within inflation and I was a bit worried about developing a main focus, but
this ended up not being an issue. One thing I did which was quite helpful
was to look for either online lectures or textbook material for any new idea
I came across, since those typically present it more thoroughly. It was often
challenging and took longer to understand topics I could not find in these
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mediums. The models for which I could go through the calculations on my
own were far easier to understand than those where I needed to follow along
with the author’s calculation. The topic I found most challenging was ax-
ion monodromy, since I could not find any material on it outside of research
articles and the calculations involved physical models and mathematical con-
cepts I know little to nothing about. Overall, I found the project enjoyable
and very worthwhile to complete and feel I learned quite a bit.
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