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1. Spatial Foliations of Spacetime

If ω is a 1-form, denote its vector dual by ~ω (its index raised by contraction with gµν).

Similarly, if v is a vector, denote its dual 1-form by v (its index lowered by contraction

with gµν). We will sometimes denote the action of a one form on a vector by 〈ω,v〉
and the inner product of two vectors by 〈u,v〉. Latin indices (i, j, k, etc.) will be used

for purely spatial coordinates while Greek indices (µ, ν, ρ, etc.) will be for space-time

coordinates.

1.1. Geometry of hypersurfaces

A hypersurface Σ ⊂ M is the image of a manifold Σ̂ (of one dimension lower) by an

embedding Φ : Σ̂ → M , that is Σ = Φ(Σ̂). The embedding defines the well known

push-forward map Φ∗ from vectors on Σ to vectors on M and pullback map Φ∗ from

1-forms on M to 1-forms on Σ. The pullback is naturally extended to multi-linear forms,

and specifically the metric g. This is how we obtain the first important entity of our

discussion, the induced metric γ = Φ∗g on Σ. In components, γij = gij.

The induced metric γij on a hypersurface begets its own Christoffel symbols and

covariant derivative. The latter we denote with D in contrast to ∇ reserved for the

ambient manifold. The Riemann tensor associated with the hypersurface will be denoted

Ri
jk` whereas that of the ambient manifold will receive a superscript on the left, 4Rµ

νρσ.

Here, we will occasionally use the notation ∇vu = vµ∇µu.

A hypersurface is spacelike if the induced metric is Riemannian, i.e. has all-positive

signature (+,+,+). Equivalently, all tangent vectors on a spacelike hypersurface have

positive-definite norm under the induced metric. A hypersurface is timelike if the

induced metric is Lorentzian, i.e. has one minus sign in its signature (−,+,+). A

null hypersurface has a degenerate induced metric.

If a hypersurface Σ is defined by the level curves of a scalar field t on M , then

a gradient ∇µt is normal to Σ in the sense that uµ∇µt = 0 for every vector u ∈ Σ.

Then its vector dual, ∇µt, is normal to Σ. This vector is timelike if the hypersurface is

spacelike (and vice-versa). The unit normal is n = (± ~∇t · ~∇t)−1/2 ~∇t where + is for

timelike hypersurfaces and − is for spacelike hypersurfaces. Notice that n ·n = −1 for

space-like hypersurfaces.

The Weingarten map or shape operator χ : Tp(Σ) → Tp(Σ) is defined by

χ(v) = ∇vn. It is self-adjoint in the sense that u · χ(v) = χ(u) · v. This means its
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eigenvalues, called the principal curvatures, are real-valued. This curvature is intrinsic.

The extrinsic curvature K : Tp(Σ) × Tp(Σ) → R, also called the second fundamental

form, is defined through the shape operator by

K(u,v) = u · χ(v) = g(u,∇vn). (1)

At each point p ∈ Σ, the space Tp(M) can be decomposed into Tp(Σ)⊕ span(n).

The orthogonal projector ~γ : Tp(M) → Tp(Σ) associated with this decomposition is

defined as ~γ(v) = v + (n · v)n. In components: γαβ = δαβ + nαnβ. This maps vectors

in M to vectors in Σ, making it in a sense the reverse of the pushforward map.

The reverse of the pullback map, extending 1-forms on Σ to 1-forms on M , can also

be defined. For a 1-form Σ, call ~γ∗ω the 1-form in M defined by ~γ∗ω(v) = 〈ω, ~γ(v)〉.
This can be generalized to any multilinear form. If T is a tensor with only covariant

indices, then

~γ∗T (v1, . . . ,vp) = T (~γ(v1), . . . , ~γ(vp))

In particular, the induced metric can be extended to all of M . We can express it in

terms of the regular metric by

~γ∗γ = g + n⊗ n, (~γ∗γ)αβ = gαβ + nαnβ. (2)

This justifies the notation ~γ used for the orthogonal projector, as it is simply the the

extended induced metric with its first index raised by contracting with gαβ.

We can also generalize the projection operation ~γ to all tensors on M , instead of just

vectors. Simply contract all indices with γαβ. Both actions ~γ and ~γ∗ will sometimes

be referred to as ”projecting” onto a hypersurface. In what follows, the projection

operations will be implied, i.e. the symbols ~γ or ~γ∗ omitted, because we can translate

between maps on the whole spacetime and maps on a hypersurface when necessary.

With these definitions, we list the equations that are the basis of the 3+1 formalism.

First is the “contracted Gauss relation”, relating the Riemann and Ricci tensors of

spacetime to the curvature tensors of the hypersurface:

γµαγ
ν
β(4R)µν + γαµn

νγρβn
σ(4R)µνρσ = Rαβ +KKαβ −KαµK

µ
β. (3)

Second, the “scalar Gauss equation”:

4R + 2(4R)µνn
µnν = R +K2 −KijK

ij. (4)

Finally, the “contracted Codazzi relation”:

γµαn
ν(4R)µν = DαK −DµK

µ
α. (5)

The proof of these equations are elaborated upon in [1].

1.2. Geometry of Foliations

A hypersurface Σ is Cauchy if it is spacelike and all non-spacelike curves in M without

endpoints intersect Σ only once. Manifolds that admit a Cauchy hypersurface are called

globally asymptotic. Globally asymptotic spacetimes can be “foliated” into a family
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of spacelike hypersurfaces (Σt)t∈R, meaning that there exists a smooth scalar field t̂ on

M with a non-vanishing gradient of which every hypersurface is a level curve (that is,

Σt = {p ∈M |t̂(p) = t}). The hypersurfaces are called the “leaves” of the foliation.

The unit normal vector is n = −N ~∇t where N = (− ~∇t · ~∇t)−1/2. The minus

sign is chosen so that n is future-oriented if the scalar field t̂ is increasing towards the

future. This makes n · n = −1. Call N the lapse function. Also define the normal

evolution vector m = Nn. Unlike n, m is “adapted” to the scalar field t̂ in that

〈∇t,m〉 =∇mt = mµ∇µt = 1.

Consider a point p ∈ Σt and a neighboring point p′ = p + mδt. Then using

the t̂(p′) = t̂(p + mδt) = t̂(p) + 〈∇t,mδt〉 = t̂(p) + δt〈∇t,m〉 = t + δt. Thus m

carries a hypersurface Σt to a neighboring hypersurface Σt+δt, justifying the name normal

evolution vector.

Physically, n is the 4-velocity of an an Eulerian observer, that is, an observer at

rest and not rotating. The hypersurface Σt is locally the set of simultaneous events. The

proper time between nearby events p and p′ described above is δτ =
√
−g(mδt,mδt) =√

−(−N2)δt = Nδt. This justifies the name lapse function. The 4-acceleration of the

observer is a =∇nn.

Let LuT be the Lie derivative of a tensor field T with respect to a vector field u.

The evolution of the induced metric is naturally given by the Lie derivative along the

normal evolution vector. It has a simple result:

Lmγ = −2NK. (6)

Another important result is similar, involving the orthogonal projector:

Lm~γ = 0. (7)

These two relations are shown [2]. The latter is not true for n. This further reflects the

status of m, and not n, regarding the evolution of hypersurfaces. The consequence of

(7) is that for any tensor field T tangent to Σt, the tensor LmT is also tangent to Σt.

With these definitions, it is possible to reformulate the contracted Gauss relation

(3) to contain only the Ricci tensor and not the Riemann tensor. The result is:

γµαγ
ν
β

4Rµν = − 1

N
LmKαβ −

1

N
DαDβN +Rαβ +KKαβ − 2KαµK

µ
β. (8)

It is also useful to know an expression for only the spacetime scalar curvature in terms

of the hypersurface quantities:

4R = R +K2 +KijK
ij − 2

N
LmK −

2

N
DiD

iN. (9)

See [2] again for the working out.

2. Decomposition of Einstein Equations in Numerical Relativity

In units where G = 1 and c = 1, the Einstein field equations read

4Rµν −
1

2
gµν

4R = 8πTµν . (10)
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The 3+1 decomposition of the equations is obtained by first “projecting” the equation

onto a hypersurface Σt or perpendicular to Σt. By projecting, we mean for each term

in the equation either contracting an index (or indices) with the projection operator, or

letting the tensor act on the unit normal vector in one or more of its arguments. Then

through the Gauss-Codazzi relations and picking a suitable coordinate system, we turn

the system of equations into a Cauchy problem with constraints.

2.1. The Stress-Energy-Momentum Tensor

The full equation’s decomposition will follow shortly after this discussion of the energy-

momentum tensor. First, by definition, the matter energy density is

E = T (n,n). (11)

Similarly, the matter momentum density is a 1-form

p = −T (~γ(·),n) pα = −Tµνγµαnν (12)

which is tangent to Σt and acts on all vectors in M . Notice by the symmetry of T that

if we permute ~γ and n above, we also get the momentum density. Finally, the matter

stress tensor is

S = ~γ∗T Sαβ = Tµνγ
µ
αγ

ν
β. (13)

Given two directions e and e′, S(e, e′) may be interpreted as the force in the e

direction acting on a unit surface with normal e′. Let us denote S as its trace, that is

S = γijSij = gµνSµν (this last equality is because S is tangent to Σt.

With knowledge of E,p, and S, it is possible to reconstruct T . Specifically,

T = S + n⊗ p+ p⊗ n+ En⊗ n. (14)

We will also denote T as trace of T , which is

T = S + 2〈p,n〉+ E〈n,n〉 = S − E. (15)

This follows from the properties n · n = −1 and that p, being tangent to Σt, must be

orthogonal to n.

2.2. Projection of Einstein Equations

First we project the Einstein equations fully onto Σt by applying ~γ∗. It is more

convenient to apply this process to an equivalent form of the Einstein equations:

4Rµν = 8π
(
Tµν −

1

2
Tgµν

)
. (16)

On the left side, ~γ∗ 4R is given by the contracted Gauss relation (8). By definition,

~γ∗T = S, and T = S −E, and ~γ∗g = γ. Now all terms are tensor fields tangent to Σt,

and we may restrict to spatial indices. Simple rearranging of terms leads to

LmKij = −DiDjN +N
{
Rij +KKij − 2KikK

k
j + 4π

[
(S − E)γij − 2Sij

]}
. (17)
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Next, we will project the Einstein equations (in its usual form) perpendicular to

Σt. We act with the bilinear forms in the equation upon (n,n). Using the scalar Gauss

equation (4), that gµνn
µnν = −1, and that E = T (n,n), it follows immediately that

R +K2 −KijK
ij = 16πE . (18)

Finally, we perform a mixed projection, letting the arguments of the tensors look

like (n, ~γ(·)). With the contracted Codazzi relation (5), that p = −T (~γ(·),n), and that

g(n, ~γ(·)) = 0, we shortly arrive at

DjK
j
i −DiK = 8πpi . (19)

These latter two equations are referred to as the Hamiltonian constraint and the

momentum constraint, as they do not involve any time derivatives of the quantities

γij or Kij. Meanwhile (Eq.17) does involve a time derivative of Kij through the Lie

derivative with respect to m, making this the dynamical equation.

As a remark, there is nothing special about the leaf Σt, any other leaf, or the

choice of foliation itself. Any spacelike hypersurface in a spacetime that satisfies

Einstein’s equations will have quantities γ and K that satisfy (17)-(19). The initial value

formulation turns the problem around. Given a fixed three-dimensional manifold Σ3 and

choosing a Riemannian metric γij, a symmetric tensor Kij, and matter data E, p, S,

which satisfy the constraint equations, is it always possible to find a spacetime M with

metric gµν satisfying Einstein’s equations, which contains an embedded submanifold

that is the image of Σ3 and whose induced metric and second fundamental form is γij
and Kab? Furthermore, if a solution exists for an initial data set, is it unique in some

sense? We will discuss this question shortly.

2.3. Coordinates Adapted to the Foliation

To turn the tensorial equations (17)-(19) into partial differential equations, we have to

introduce a coordinate system on M . First, on each hypersurface, introduce some

coordinate system (xi) = (x1, x2, x3) called the spatial coordinates. If these vary

smoothly between each hypersurface, then (xα) = (t, xi) is a well behaved coordinate

system on M . Let (∂α) = (∂t,∂i) be the natural basis on the tangent spaces of M

associated with the coordinates (xα).

The dual basis is the set of gradient 1-forms (dxα). In particular, dt = ∇t. Then

〈∇t,∂t〉 = 1, which is the same property exhibited by the normal evolution vector m.

These vectors coincide when the lines on which the spatial coordinates are constant are

orthogonal to the hypersurfaces. In general, they differ by a vector β called the shift

vector. Notice that

〈∇t,β〉 = 〈∇t,∂t〉 − 〈∇t,m〉 = 1− 1 = 0. (20)

So the shift vector is tangent to the hypersurfaces. Then β can be expressed in terms of

the spatial coordinates: β = βi∂i. By m = Nn, we can also say ∂t = Nn + β, which
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shows this is a 3+1 decomposition of the time vector. That is, β = ~γ(∂t). Turning this

around, we have

n =
1

N
(∂t − β) nα =

1

N
(1,−β1,−β2,−β3). (21)

The coordinates of the 1-from n are deduced from n = −N∇t, that is nα = (−N, 0, 0, 0).

From the set of quantities (γij, β
i, N) we can actually reconstruct the metric of the

ambient spacetime. Notice that

g00 = g(∂t,∂t) = (m+ β) · (m+ β) = −N2 + βiβ
i,

g0i = (m+ β) · ∂i = 0 + 〈βjdxj,∂i〉 = βi,

gij = γij.

Another way to write it is that

gµνdx
µdxν = −N2dt2 + γij(β

idt+ dxi)(βjdt+ dxj) . (22)

It is also useful to know the relationship of the determinants of γij and gµν :
√
−g = N

√
γ . (23)

To summarize, choosing a coordinate system (xα) on M such that the hypersurfaces

x0 = const. are spacelike determines uniquely a lapse function N and shift vector β.

The reverse is true in the sense that choosing a scalar field N , a vector field β, and

a coordinate system (xi) on a hypersurface Σ0 uniquely specifies a coordinate system

(xα) in the neighborhood of Σ0 such that the hypersurface x0 = 0 is Σ0. The “next”

hypersurface Σδt is determined by Lie transport along m.

In terms of these adapted coordinates, the Lie derivatives in the 3+1 system takes

on the form Lm = L∂t − Lβ = ∂t − Lβ. Using this, we now include in the system

equation (6) relating Kij and γij. It may be considered as describing the coordinate

time evolution of γij:

(∂t − Lβ)γij = −2NKij . (24)

Now, with N and β and a coordinate system chosen, we replace the Lie and covariant

derivatives in the 3+1 system with their usual definitions in terms of partial derivatives

and Christoffel symbols. Then the derivative terms in the 3+1 system will become

Lβγij = ∂jβi + ∂iβj − 2Γkijβk (25)

LβKij = βk∂kKij +Kkj∂iβ
k +Kik∂jβ

k. (26)

DiDjN = ∂i∂jN − Γkij∂kN (27)

DjK
j
i = ∂jK

j
i + ΓjjkK

k
i − ΓkjiK

j
k (28)

With all terms expressed explicitly in terms of partial derivatives of the coordinates,

(17), (18), (19), and (24), constitute a system of non-linear 2nd order partial differential

equations for the unknowns (γij, Kij, N, β
i). Notice there are no time derivatives of N

or βi. This is because N and βi are associated with the choice of coordinates. The

coordinate freedom in relativity is reflected in the fact that N and β are not dynamical

variables. Thus, this is a Cauchy problem with constraints.
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2.4. Existence and Uniqueness of Solutions

We return to the existence and uniqueness question posed earlier. When N and β are

fixed at the onset, we can write Kij in terms of γ̇ij thanks to (25). Then we consider

the other three equations of the system, regarding γij and Rij as functions of γij. They

are second-order and non-linear, but “quasi-linear”, that is, linear with respect to the

second-order derivatives. In particular, only one equation is second-order in time and

is of the form

∂2γij
∂t2

= Fij

(
γkl,

∂γkl
∂xm

,
∂γkl
∂t

,
∂2γkl
∂xm∂xn

)
which is precisely the form of a Cauchy differential equation. This is simply reiterating

what has been said before. Fij analytic because it is at most rational in γij (to get the

inverse) and polynomial in its derivatives. Then the Cauchy–Kovalevskaya theorem [3]

can be invoked to guarantee existence and uniqueness of a solution in a neighborhood

of Σ0 for initial data (γij, γ̇ij). However, the other two equations cannot be put in a

form to which the theorem applies. They represent constraints on the solution in order

to ensure the reconstructed gµν satisfies Einstein’s equations.

For arbitrary lapse function and shift vector, the γ̇ij must be replaced with Kij

so that initial data on Σ0 is (γ,K, E,p). Lichnerowicz [4] and Darmois [5] showed

existence and uniqueness for the vacuum case as long as (γ,K) are analytic functions

of the coordinates. But the analytic case is quite restrictive. As the manifold is only

required to be differentiable - not necessarily analytic - it is possible (γ,K) as analytic

functions of one coordinate system may not be analytic functions of another. Moreover,

an analytic function is fully determined by its value and those of its derivatives at a

single point. Then it is possible a small change to initial data that is localized in some

small region affects the solution on the entirety of the manifold. This seems acausal.

Existence and uniqueness in a neighborhood of Σ0 for the case of differentiable initial

data was shown by Choquet-Bruhat in 1952 [6]. Later, the global case was shown by

Choquet-Bruhat and Geroch [7].

3. Canonical Lagrangian and Hamiltonian

Another approach is through a canonical formulation of Einstein’s equations. The

work was largely due to Arnowitt, Deser, and Misner, bringing forth the name ADM

formalism. Much of the discussion in this section comes from [8] and [2]. One main

difference is that the extrinsic curvature Kij is replaced with the “momentum conjugate

to γij”, denoted πij. This Hamiltonian approach is not used in numerical relativity.

Here, we will consider the simplified case of the vacuum equations.

We start from the Hilbert action, from which the Einstein equations can be derived

through the least action principal:

S =

∫
V

4R
√
−g d4x.
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The integration domain is a subset of M that consists of the union of hypersurfaces in

the foliation (Σt)t∈R between times t1 and t2:

V =

t2⋃
t=t1

Σt.

Thanks to the 3+1 decomposition of 4R in (9) and the relation
√
−g = N

√
γ, it is

possible to arrive at a 3+1 form for the Hilbert action:

S =

∫ t2

t1

[ ∫
Σt

N
(
R +KijK

ij −K2
)√

γ d3x

]
dt . (29)

Now, due to equation (24) and (27) we can expressKij in terms of γij, β
i andN . Then we

can see that the action is a functional of the “configuration” coordinates q = (γij, β
i, N).

We can say that the gravitational field’s Lagrangian density is

L = N
√
γ(R +KijK

ij −K2). (30)

As noted before, the Lagrangian does not depend on time derivatives of βi or N . The

lapse function and shift vector are not dynamical variables. The only dynamical variable

is γij and its momentum conjugate, shown in [8] to be

πij =
∂L

∂γ̇ij
=
√
γ(Kγij −Kij). (31)

The Hamiltonian using the variables we defined so far is shown in [2] to be

H = −
∫

Σt

(
NC0 − 2βiCi

)√
γ d3x, (32)

where

C0 = R +K2 −KijK
ij (33)

Ci = DjK
j
i −DiK. (34)

These C-values are just the left-hand side of the constraint equations. The scalar

curvature R appearing through C0 is just a function of γij and its spatial derivatives,

following from the usual definitions of the Riemann tensor in terms of the metric.

Furthermore Kij is a function of γij and πij obtained by “inverting” equation (31):

Kij =
1
√
γ

(1

2
γk`π

k`γij − γikγj`πk`
)
. (35)

Then, minimizing the the Hilbert action is equivalent to the Hamilton equations

δH

δπij
= γ̇ij = −2NKij +Diβj +Djβi (36)

δH

δγij
= −π̇ij (37)

δH

δN
= −C0 = 0 (38)

δH

δβi
= Ci = 0. (39)
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The first equation is equivalent to (17), and the last two equations are equivalent to (18)

and (19) with E = 0 and pi = 0. In the Hamiltonian approach, the lapse function and

shift vector can be seen as Lagrange multipliers that enforce the Hamiltonian constraint

and momentum constraint.

4. Obtaining Initial Data Satisfying Constraints

The 3+1 decomposition of the Einstein equations have yielded a Cauchy problem with

constraints. The next step is to solve the constraint equations in order to obtain valid

initial value data. Recall the two constraint equations:

R +K2 −KijK
ij = 16πE,

DjK
i
j −DiK = 8πpi.

It is fortunate that neither the lapse function nor the shift vector appears. A naive way

to tackle the equations is to arbitrarily choose γij, which fixes R and Di. Then, for fixed

E and p, this is a quasi-linear 1st order system for Kij. However, this is not satisfactory

because there are only 4 equations for the 6 unknowns of Kij. With some patience, we

will see that a more fruitful approach is through the conformal decomposition, which is

the topic of discussion in this section.

4.1. Conformal Decomposition

We suppose the 3-metric is begot from an auxillary metric, called the conformal metric,

that has been multiplied by a scalar function:

γij = Ψ4 · γ̃ij. (40)

Here, Ψ is the scalar function of interest, called the conformal factor, and the fourth

power is a convention. Then, we try to express the 3+1 system of equations entirely

in terms of entities related to γ̃ij. Perhaps more relevant than one specific choice of a

conformal metric is a conformal equivalence class, that is a set of metrics that may be

related by a conformal transformation.

In any case, the most natural representative of a conformal equivalence class as a

starting point is the “unit determinant” conformal metric,

γ̃ij = γ−1/3 γij (Ψ = γ1/12).

Notice this is written backwards compared to (40). However, this results in a tensor

density, rather than a proper tensor. To avoid this, we introduce a flat background

metric fij. It must be Riemannian and tied to the coordinates (xi) in that ∂tfij = 0.

Finally, we let the conformal factor be

Ψ = (γ/f)1/12 (41)

which indeed transforms as a scalar, and makes γ̃ a proper tensor. This technique is

discussed in more depth in [9]. Notice that by construction, det(γ̃ij) = f . Denote the
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inverse of the conformal metric by γ̃ij. In general, γ̃ij 6= γikγj`γ̃k`. However, it is true

that

γ̃ij = Ψ4 γij γij = Ψ−4 γ̃ij. (42)

Denote the unique connection associated with γ̃ij (or equivalently the covariant

derivative) by D̃. Its Christoffel symbols will be denoted Γ̃kij. The two covariant

derivatives D and D̃ are related by

DkT
i1...ip

j1...jq = D̃kT
i1...ip

j1...jq +

p∑
r=1

Cir
k`T

i1...`...ip
j1...jq +

q∑
r=1

C`
kjrT

i1...ip
j1...`...jq (43)

where Ck
ij = Γkij − Γ̃kij. This Christoffel-esque symbol is a proper tensor itself.

If we recall the usual definition of the Christoffel symbols, which is in terms of

partial derivatives of the metric, we can actually write Ck
ij in similar form. Of course,

we expect it to have a mix of conformal and non-conformal entitites. In fact, we just

keep the metric as the regular metric γij, but replace the partial derivatives with the

conformal covariant derivative, D̃. That is,

Ck
ij =

1

2
γk`
(
D̃iγ`j + D̃jγi` − D̃`γij

)
. (44)

This is easily verified by evaluating the right-hand side. Expressing D̃ as a partial

derivative with Γ̃kij terms:

1

2
γk`
(
D̃iγ`j + D̃jγi` − D̃`γij

)
=

1

2
γk`
( ∂γ`j
∂xi
− Γ̃mi`γmj − Γ̃mijγ`m +

∂γi`
∂xj
− Γ̃mjiγm`

− Γ̃mj`γim −
∂γij
∂x`

+ Γ̃mi`γmj + Γ̃m`jγim

)
= Γkij +

1

2
γk`(−2)Γ̃mijγ`m

= Γkij − δkmΓ̃mij

= Γkij − Γ̃kij.

As we stated, the goal is to express everything in terms of conformal entities. The

first step is the Christoffel-esque tensor. We just plug γij = Ψ4γ̃ij into (44) and use the

fact that D̃i acting on γ̃ij is zero. Then

Ck
ij =

1

2
Ψ−4γk`

[
D̃i(Ψ

4γ̃`j) + D̃j(Ψ
4γ̃i`)− D̃`(Ψ

4γ̃ij)
]

=
1

2
Ψ−4γk`

(
γ̃`jD̃iΨ

4 + γ̃i`D̃jΨ
4 − γ̃ijD̃`Ψ

4
)

=
1

2
Ψ−4

(
δkiD̃iΨ

4 + δkjD̃jΨ
4 − γ̃ijD̃kΨ4

)
which we will write as

Ck
ij = 2

(
δkiD̃j ln Ψ + δkjD̃i ln Ψ− γ̃ijD̃k ln Ψ

)
. (45)

Now, using (43) and (45), all tensors and their derivatives can be expressed in terms

of the conformal metric, conformal factor, and conformal covariant derivative. Explicit
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calculations for the remainder of this section can be found in [2]. For example, the Ricci

tensor becomes

Rij = R̃ij − 2D̃iD̃j ln Ψ− 2D̃kD̃
k ln Ψγ̃ij + 4D̃i ln ΨD̃j ln Ψ− 4D̃k ln ΨD̃k ln Ψγ̃ij (46)

where R̃ is the usual definition of the Ricci tensor, just in terms of D̃ instead of D. The

scalar curvature is

R = Ψ−4 R̃− 8Ψ−5 D̃iD̃
iΨ. (47)

The extrinsic curvature tensor is more complicated. We first decompose it into trace

and traceless parts, the latter of which is

Aij = Kij −
1

3
Kγij. (48)

It is the traceless part that enters into a conformal decomposition of the time evolution

equation (24). It can be shown that two time evolutions equations result from it: one

for the conformal metric and one for the conformal factor. They are( ∂
∂t
− Lβ

)
ln Ψ =

1

6

(
D̃iβ

i −NK
)
, (49)( ∂

∂t
− Lβ

)
γ̃ij = −2NΨ−4Aij −

2

3
D̃kβ

kγ̃ij . (50)

The 2nd equation suggests a conformal quantity Ãij such that

Ãij = Ψ−4Aij, Ãij = Ψ4Aij, γ̃ijÃij = 0. (51)

However, there is also another convenient conformal version of Aij. It comes from

considering its divergence. It can be shown that

DjA
ij = Ψ−10 D̃j

(
Ψ10Aij

)
(52)

which suggests

Âij = Ψ10Aij Âij = Ψ2Aij (53)

The two conformal versions of Aij, one with a hat and one with a tilda, are related by

Âij = Ψ6Ãij, Âij = Ψ6Ãij. (54)

The divergence of Kij appears in the momentum constraint equation (19). With the

above two equations, its conformal decomposition becomes

D̃jÂ
ij − 2

3
Ψ6D̃iK = 8πΨ10pi , (55)

or if we prefer, we can write in terms of Ãij:

D̃jÃ
ij + 6ÃijD̃j ln Ψ− 2

3
D̃iK = 8πΨ4pi. (56)

All that is left is to conformally decompose the Hamiltonian constraint equation (18)

and the dynamical equation (17). The result for the former is:

D̃iD̃
iΨ− 1

8
R̃Ψ +

1

8
ÂijÂ

ijΨ−7 +
(

2πE − 1

12
K2
)

Ψ5 = 0 . (57)
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Had we written this using Âij instead, it would be the original form of the Lichnerowicz

equation [4].

Since we decomposed Kij into a traceless and trace part, the dynamical equation

turns into two equations for each part. For the traceless part:( ∂
∂t
− Lβ

)
Ãij = − 2

3
D̃k β

kÃij +N
[
KÃij − 2γ̃k`ÃikÃj` − 8π

(
Ψ−4Sij −

1

3
Sγ̃ij

)]
+ Ψ−4

{
− D̃iD̃jN + 2D̃i ln ΨD̃jN + 2D̃j ln ΨD̃iN

+
1

3

(
D̃kD̃

kN − 4D̃k ln ΨD̃kN
)
γ̃ij

+N
[
R̃ij −

1

3
R̃γ̃ij − 2D̃iD̃j ln Ψ + 4D̃i ln ΨD̃j ln Ψ

+
2

3

(
D̃kD̃

k ln Ψ− 2D̃k ln ΨD̃k ln Ψ
)
γ̃ij

]}
. (58)

For the trace part:( ∂
∂t
− Lβ

)
K = −Ψ−4(D̃iD̃

iN + 2D̃i ln ΨD̃iN) +N
[
4π(E + S) + ÃijÃ

ij +
1

3
K2
]
.(59)

4.2. Conformal Transverse-Traceless Method

Now we are ready to face the initial data problem. The conformal decomposition brings

to light a good split of freely choosable parts and “constrained” parts (those obtained

by solving a version the constraint equations). The result is that the free parts are

• the conformal metric γ̃ij,

• a symmetric, traceless, and transverse tensor (ÂTT )ij,

• a scalar field K,

• and conformal matter variables (Ẽ, p̃ i),

while the constrained parts are

• the conformal factor Ψ

• and a vector field X.

Now we will define the quantities Ẽ, p̃ i, (ÂTT )ij, and X. As for the first two,

Ẽ = Ψ8E (60)

p̃ i = Ψ10pi. (61)

The definition of p̃ i is clearly motivated by equation (55) for the conformal momentum

constraint. However, the special power of Ψ for the conformal energy allows for an easy

implementation of the dominant energy condition. The negative power of Ψ in the Ẽ

term actually results in some uniqueness properties of the solution.

As for the quantities (ÂTT )ij and X, they come from further decomposing Âij into

a longitudinal and transverse part. That is,

Âij = (L̃X)ij + (ÂTT )ij (62)
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The second term is the transverse verse part, by which we mean that

γ̃ij(ÂTT )ij = 0, D̃j(ÂTT )ij = 0.

Meanwhile, (L̃X)ij is the conformal Killing operator associated with γ̃ij acting on a

vector field X. It is defined as

(L̃X)ij = D̃iXj + D̃jX i − 2

3
D̃kX

kγ̃ij. (63)

It is called the longitudinal part of Âij because on account of the transverse property of

ÂijTT , we take a divergence on a given Âij to obtain (L̃X)ij:

D̃j(L̃X)ij = D̃jÂ
ij.

This extra divergence results in a second order differential operator on X, which we call

the conformal vector Lapcian:

∆̃LX
i = D̃j(L̃X)ij = D̃jD̃

jX i +
1

3
D̃iD̃jX

j + R̃i
jX

j. (64)

The existence and uniqueness of a longitudinal-transverse decomposition of Âij depends

on the existence and uniqueness of solutions X to the differential equation

∆̃LX
i = D̃jÂ

ij.

There are at least two cases in which existence and uniqueness hold: when Σ is a closed

manifold, and when (Σ,γ) is an asymptotically flat manifold.

Assuming we have existence and uniqueness, let us proceed to insert this

decomposition into the two constraint equations. We get

D̃iD̃
i − 1

8
R̃Ψ +

1

8
[(L̃X)ij + ÂTTij ][(L̃X)ij + ÂijTT ]Ψ−7 + 2πẼΨ−3 − 1

12
K2Ψ5 = 0 , (65)

∆̃LX
i − 2

3
Ψ6D̃K = 8πp̃ i . (66)

The strategy has become as follows. We freely choose (γ̃ij, Â
ij
TT , K, Ẽ, p̃

i) on a

hypersurface Σ0 and solve the above forms of constraint equations for Ψ and X i. Then

we construct the quantities

γij = Ψ4 γ̃ij, (67)

Kij = Ψ−10
(

(L̃X)ij + ÂijTT

)
+

1

3
Ψ−4Kγ̃ij, (68)

E = Ψ−8Ẽ, (69)

pi = Ψ−10p̃ i, (70)

which will automatically satisfy the original constraint equations (18) and (19). This

strategy is called the “conformal transverse traceless” method, proposed by York [10].
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4.3. Conformal ‘Thin Sandwich’ Method

Another similar approach for solving the initial data problem, called the “conformal

thin sandwich” method was also proposed by York [11]. In effect, this trades the freely

choosable traceless and transverse tensor (ÂTT )ij for two quantities: ˙̃γ ij and Ñ = Ψ−6N ,

the coordinate time derivative of the conformal metric and a conformal lapse. It also

trades the constrained vector X for the shift vector β. This trade-off of the quantities is

encapsulated in the following equation for Âij in terms of the aforementioned quantities:

Âij =
1

2Ñ

[
˙̃γ ij + (L̃β)ij

]
Ñ = Ψ−6N. (71)

The two constraint equations become:

D̃iD̃
iΨ− R̃

8
Ψ +

1

8
ÂijÂ

ijΨ−7 + 2πẼΨ−3 − K2

12
Ψ5 = 0 , (72)

D̃j

( 1

Ñ
(L̃β)ij

)
+ D̃j

( 1

Ñ
˙̃γ ij
)
− 4

3
Ψ6D̃ iK = 16πp̃ i (73)

It can be hard to know a-priori an appropriate lapse function to choose. Thus there

is a variant of this method, called the “extended conformal thin sandwich” suggested

by Pfeiffer and York [12]. We give up choosing Ñ , but instead choose K̇ and solve for

Ñ using the trace part of the dynamical equation (59). The Hamiltonian constraint

(72) can be used to simplify the traced dynamical equation. The new addition to the

constraint system is

D̃iD̃
i(ÑΨ7)− (ÑΨ7)

[R̃
8

+
5

12
K2Ψ4 +

7

8
ÂijÂ

ijΨ−8 + 2π(Ẽ + 2S̃)Ψ−4
]

+
(
K̇ − βiD̃iK

)
Ψ5 = 0 (74)

where S̃ = Ψ8S.

4.4. Example: Static Black Hole

Let us go through an example using the extended conformal thin sandwich method. We

take our inital hypersurface to be a punctured Euclidean 3-space:

Σ0 = R3 \ {O}.

Remember that our choosable data are γ̃ij, ˙̃γ ij, K, K̇, Ẽ, S̃, and p̃ i. The simplest choice

is to set γ̃ij = fij and the rest zero. This is a vacuum initial data on a conformally flat

hypersurface. Then the constraint system becomes

∆Ψ +
1

8
ÂijÂ

ijΨ−7 = 0 (75)

D̃j

( 1

Ñ
(L̃β)ij

)
= 0 (76)

∆(ÑΨ7)− 7

8
ÂijÂ

ijΨ−1Ñ = 0 (77)

where ∆ is the typical Laplacian operator.
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If we’re looking for the simplest solution, we see that β = 0 solves the second

equation above. Remembering our definition of ÂijTT from (71), we see that it is then

zero as well. Then the two equations left become

∆Ψ = 0 (78)

∆(ÑΨ7) = 0. (79)

Let us look at the first equation. Assume spherical symmetry around the punctured

point O and use spherical coordinates (xi) = (r, θ, ϕ). We also want the solution to

satisfy asymptotic flatness condition. Since our choice of γ̃ij was the flat background

metric fij, in order to make γij flat spatial at infinity as well we need Ψ→ 1 as r →∞.

The simplest such solution is

Ψ = 1 +
µ

r
(80)

where µ is an integration constant. This constant is proportional to a quantity called

the ADM mass. Similarly, a solution to the second equation would be

ÑΨ7 = NΨ = 1 +
a

r
. (81)

This implies that

N =
(

1 +
a

r

)(
1 +

µ

r

)−1

=
r + a

r + µ
. (82)

If we examine the behavior of the lapse near the origin, we see that if we set

lim
r→0

N =
a

µ
= −1,

we can put the condition a = −µ into the lapse, making it

N =
(

1− µ

r

)(
1 +

µ

r

)−1

.

Since we have N , β = 0, Ψ, and γ̃ij, we have enough information to reconstruct the

spacetime metric. It is

gµνdx
µdxν = −

(1− µ
r

1 + µ
r

)2

dt2 +
(

1 +
µ

r

)4

[dr2 + r2(dθ2 + sin2 θdϕ2)]

which is the Schwarzschild metric in isotropic coordinates.
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[2] Éric Gourgoulhon. 3+1 Formalism in General Relativity: Bases of Numerical Relativity. Lecture

Notes in Physics 846. Springer-Verlag Berlin Heidelberg, 2012.

[3] R. Courant and D. Hilbert. Methods of mathematical physics; vol. ii: Partial differential equations.

interscience, new york. 1962.
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