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Abstract. This review concerns the stability of select families of black hole solutions

to the Einstein Equation, namely the Schwarzschild and Kerr black hole families. The

former will be discussed in the context of mode stability, linear stability, and non-linear

stability of the Schwarzschild metric. The latter will only be discussed to lowest order,

briefly, with the modal analysis of the Kerr metric.
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1. Introduction

Shortly after Albert Einstein published his General Theory of Relativity in 1916,

anomalous solutions were discovered - those of event horizons, singularities, and the

descriptions of black holes. The first of these solutions, posed by Karl Schwarzschild

only months after Einstein’s publication, described a non-rotating spherically symmetric

black hole, known as the Schwarzschild Black Hole. Additionally, in 1963, Roy Kerr was

able to solve the Einstein Equation for a rotating black hole, known as the Kerr Black

Hole. At the time of these publications, these metrics were not known to be black holes,

but merely as mathematical singularities in the theory. It was unknown if these features

were physical or would be stable long enough to be found in nature. As such, John

Wheeler, a prominent physicist who laid the framework of stability research for the

Schwarzschild metric remarked, “There is no use looking for such entities in nature if

they are not stable. They wouldn’t last long enough to be seen.” [1] Thus, the study of

the stability of these solutions are at the precipice of understanding them.

1.1. Schwarzschild Black Hole Family

ds2 = −(1− rs
r

)c2dt2 + (1− rs
r

)−1dr2 + r2dΩ2 (1)

The Schwarzschild metric, equation (1), first derived in 1916 by Karl Schwarzchild, was

one of the first solutions to the Einstein Equation, equation (2), for Tµν = 0.

Rµν −
1

2
Rgµν =

8πG

c4
Tµν (2)

The metric is spherically symmetric, time independent, and has an auxiliary variable,

rs = 2MG
c2

, for which M is the mass of the central body.

If one considers geodesic paths in this metric going from r > rs to r = 0, it can

be seen that the auxiliary variable, rs is the location of the event horizon. Taking the

derivative of equation (1) with respect to ds2 = −c2dτ 2 we can find an expression for

( dt
dτ

)2 and ( dr
dτ

)2.

1 = −(1− rs
r

)(
dt

dτ
)2 + (c2(1− rs

r
))−1(

dr

dτ
)2 (3)

Thus, from equation (3) we can see that for r < rs the radial coordinate must decrease

at a minimum rate of,

|dr
dτ
| > c

√
rs
r
− 1. (4)

From equations (3) and (4) it can be seen that on the path r > rs → r = 0, both massive

and mass-less particles have no turn around point for for r < rs, and enter an inescapable

event horizon. This can also be seen more generally from grr = (1− rs
r

)−1 →∞ as r → rs.

Furthermore, from equation (1), our space-time has an additional singularity at r = 0,

to which all geodesics for r < rs must converge.

The characteristics of this metric describe those of a non-rotating spherically

symmetric black hole with mass M with an event horizon at r = rs.



Black Hole Stability 3

1.2. Kerr Black Hole Family

ds2 = −(1− rsr

r2 + a2 cos2 θ
)c2dt2 +

r2 + a2 cos2 θ

r2 − rsr + a2
dr2 + (r2 + a2 cos2 θ)dθ2

+ (r2 + a2 +
rsra

2

r2 + a2 cos2 θ
sin2 θ) sin2 θdφ2 − 2rsra sin2 θ

r2 + a2 cos2 θ
cdtdφ (5)

The solution to the Einstein Equations for a rotating black hole was unknown until it

was solved in 1963 by Roy Kerr. The solution, known as the Kerr metric, equation (5),

describes a rotating body with mass M and angular momentum J . The metric has two

length scales,

a =
J

Mc
, (6)

rs =
2MG

c2
(7)

The length scale a, describes the scale of rotation for the black hole, and rs gives the

radial scale. Note, as a→ 0 the metric returns to equation (1) as one would expect.

If we again consider the important features of this metric, we can find that

grr = r2+a2 cos2 θ
r2−rsr+a2 →∞ as r → rk for rk a solution to,

r2
k − rsrk + a2 = 0. (8)

Therefore, r±k =
rs±
√
r2s−4a2

2
. Since grr → ∞ as r → rk this defines an equivalent of the

event horizon found in the Schwarzschild metric. Similarly, if we look at gtt → 0, we

find that r±E =
r2s±
√
r2s−4a2 cos2 θ

2
defines an additional surface, the ergosphere, for which

the temporal component of the metric changes sign.

These characteristics are more complex than the non-rotating case and define an

inner and outer horizon, as well as the ergosphere below which the temporal component

of the metric changes sign. The Kerr family of solutions is then defined by parameters

M and J , or equivalently rs and a. Additionally, the Schwarzschild family of solutions

is a subset of the Kerr family of solutions with a = 0.

1.3. Introduction to Stability

Both the Schwarzschild and Kerr family of black holes are vacuum solutions of the

Einstein Equation, meaning they satisfy equation (9), with manifolds defined by

(M, gM) and (M, gM,J) respectively.

Rµν −
1

2
Rgµν = 0 (9)

Stability is then characterized by adding a small perturbation to the metric and

calculating the variation of equation (9). Therefore, if g′µν = gµν + hµν where hµν
is small, then R′µν = Rµν + δRµν . Imposing δRµν = 0 gives the constraint that

the perturbed metric also does not contain any distributed mass or energy [8]. The

statement of stability then translates to the physical property that all perturbations,
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that do not perturb M or J , to these vacuum solutions will either be radiated away or

asymptotically decay to leave the final metric in the same family of solutions. Note that

the variation of the Ricci tensor can be calculated from the variation of the connections

as, δRµν = ∇βδΓ
β
µν −∇νδΓ

β
µβ [8].

Mode stability, the simplest to prove, assumes that the metric is stable if the

perturbation, hµν , is able to written as a super position of spherical harmonic modes.

Linear stability, which is more general, assumes that the metric is stable if the

perturbations, hµν , is a linear perturbation that does not necessarily need to be written

as a finite sum of spherical harmonic modes with real frequencies. Finally, non-linear

stability, the most general, makes no assumptions on the form of the perturbation and

is still currently an open problem in most cases.

In addition to gravitational stability, discussed in the following sections, is the

subject of thermodynamic stability of black holes. Black holes were proven to be

thermodynamic systems with well defined temperature and entropy by Bekenstein

and Hawking [11]. Additionally, treating them as a canonical ensemble one can get

a requirement for thermodynamic stability that must also be met physically [11].

However, the statement of gravitational stability is able to guarantee the statement

of thermodynamic stability in the black hole regime [10].

1.4. Scalar Field Model

Due to the Bianci identity, the Einstein tensor is known to always be divergence free.

Thus, scalar versions of the model must satisfy equation (10).

gµν∂µ∂νψ = 0. (10)

Where the Einstein Equation is now expressed in terms of the scalar field, ψ, as in

equation (11).

Gµν =
8πG

c4
(∂µψ∂νψ −

1

2
∂ρψ∂

ρψgµν) (11)

Now, the Lagrangian must also be expressed in terms of the scalar field, as in equation

(12).

L =
√
−g [−gµν∂µψ∂νψ +R] (12)
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Lastly, following the Euler-Lagrange formalism, ∂L
∂ψ

= 0 and ∂L
∂gµν

= 0 give the

scalar wave equation and Einstein Equation respectively, so long as the scalar field ψ is

the only matter in the system. The scalar field model can be used to create a simpler

stability problem where scalar perturbations are introduced rather than tensorial.

1.5. Gauge Transformations

If we allow our metric to be of the form gµν + hµν where hµν is small, then we can

construct an infinitesimal coordinate transformation g′µν+h′µν = gµν+∇νξµ+∇µξν+hµν
for ξµ << xµ. Then, we can let hnewµν = holdµν +∇νξµ +∇µξν . Such gauge transformation

allows us to impose further conditions on the perturbation [8].

2. Stability in the Schwarzschild Black Hole Family

Recall that the Schwarzschild family of black holes are characterized by the mass of the

central body, M , only. They describe black holes that are non-rotating, a = 0, and

spherically symmetric. If we consider perturbing the metric g′µν = gµν + hµν we can

consider the stability of the Schwarzschild family for various forms of hµν .

2.1. Mode Stability

Perhaps the simplest form of perturbation to our metric to analyse is that of mode

stability. If we consider a perturbation to the Schwarzschild metric, hµν , to be a super

position of spherical harmonic modes, we can analyse the δRµν = 0 to get a differential

wave equation on hµν and solve for the dynamics of the perturbation. This analysis was

first done by Regge and Wheeler in 1957 [8]. Throughout their proof of the stability of

the Schwarzschild metric they laid the framework, and convention, for future stability

analyses. Their analysis starts with the separation of variables and mode expansion of

the perturbation. From there, through gauge transformations and arguments of parity,

Regge and Wheeler were able to show that the metric was stable under weak modal

perturbations.

2.1.1. Separation of Variables and Mode Expansion The first step to the modal analysis

of the metric is to write the perturbation as the sum of spherical harmonic modes, Y M
L

where L is the angular momentum and M is the projection of L onto the z − axis. We

can contract the spherical harmonics with partial and covariant derivatives to construct

quantities that transform like scalars, vectors, and tensors - the latter are coined as

Regge-Wheeler Spherical Harmonics [1]. We can then separate these constructions into

those of even parity (−1)L, and odd parity (−1)L+1, characterized by the symmetry

when reflected through the origin.
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φML = Const Y M
L (θ, φ) Scalar,Even (13)

(ψML )µ = Const ∂µY
M
L (θ, φ) Vector,Even (14)

(φML )µ = Const ενµ∂νY
M
L (θ, φ) Vector,Odd (15)

(ψML )µν = Const ∇µ∇νY
M
L (θ, φ) Tensor,Even (16)

(φML )µν = Const γµνY
M
L (θ, φ) Tensor,Even (17)

(χML )µν =
1

2
Const (εµ

λ(ψML )λν + εν
λ(ψML )λµ) Tensor,Odd (18)

For ε22 = ε33 = 0, ε32 = −1
sin θ

, ε23 = sin(θ) and γµν = gµν
r2

. These constructions can be

multiplied by functions of r and T without changing their transformation properties [8].

Lastly, since our metric is spherically symmetric, we can build hoddµν and hevenµν and

analyze them separately as the Einstein Equations do not mix even and odd parity [8].

hoddµν =

∣∣∣∣∣∣∣∣∣
0 0 −h0(T, r)(∂/ sin θ∂φ)Y M

L h0(T, r)(sin θ∂/∂θ)Y M
L

0 0 −h1(T, r)(∂/ sin θ∂φ)Y M
L h1(T, r)(sin θ∂/∂θ)Y M

L

Sym Sym −h2(T, r)(∂2/ sin θ∂θ∂φ− cos θ)∂/ sin2 θ∂φ)Y M
L Sym

Sym Sym h2(T, r)((χML )32 + (φML )2) h2(T, r)((χML )33 + (φML )3)

∣∣∣∣∣∣∣∣∣
(19)

Equation (19) represents the odd perturbation, and a similar equation can be found

for hevenµν as found in Equation (13) of Regge and Wheeler [8]. The perturbation is now

separated into angular and radial-temporal terms. Further, our original metric is radial

symmetric and time independent, so one can impose the dispersion relation ω = kc and

thus, hµν must have a time dependence of e−iωt = e−ikT for T = ct. Additionally, we

know that L and M are constants of motion, so we are free to select M = 0 without

changing the radial dependence. This greatly simplifies the perturbation as it now only

contains unknown functions of r and only has non-trivial r and θ dependence. Thus,

we can force M = 0 while deriving the radial equations for simplicity.

2.1.2. Imposing Regge-Wheeler Gauge Equation (19) contains three unknown radial

functions, imposing the Regge-Wheeler Gauge can reduce these to a single radial wave

equation. For the analogous even purturbation, Frank Zerilli, was able to reduce the

seven unknown radial functions to a single radial wave equation as well in his 1970 paper

[12]. For the odd case, we can use the gauge transformation discussed in section 1.5

to simplify our perturbation. The transformation, used by Regge and Wheeler in 1957,

known as the Regge-Wheeler Gauge, is defined in equations (20).

ξ0 = 0,

ξ1 = 0,

ξi = Λ(T, r)εij∂jY
M
L (θ, φ) i, j = 2, 3 (20)

Using this gauge transformation, as well as M = 0 simplification, we can rewrite

equation (19) in terms of only two unknown functions of r along with corresponding

Legendre polynomials, PL, and trivial time dependence.
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hoddµν = e−ikT (sin θ∂/∂θ)PL(cos θ)

∣∣∣∣∣∣∣∣∣
0 0 0 h0(r)

0 0 0 h1(r)

0 0 0 0

Sym Sym 0 0

∣∣∣∣∣∣∣∣∣ (21)

With this simplification, we can analyse variation of the Ricci tensor under this

perturbation. From section 1.3, this variation can be written a a sum of the variation

of the connections as, δRµν = ∇βδΓ
β
µν −∇νδΓ

β
µβ.

δR23 = ∇βδΓ
β
23 −∇3δΓ

β
2β =

1

1− rs/r
kh0 +

d

dr
(1− rs/r)h1 = 0 (22)

δR13 = ∇βδΓ
β
13 −∇3δΓ

β
1β =

k

1− rs/r
(
dh0

dr
− kh1 −

2h0

r
) + (L− 1)(L+ 2)

h1

r2
= 0 (23)

δR03 = ∇βδΓ
β
13 −∇3δΓ

β
1β →

d

dr
(kh1 −

dh0

dr
) +

2kh1

r
=

2rsh0 − L(L+ 1)rh0

r2(r − rs)
(24)

The only non-trivial equations of δRµν are equations (22), (23), and (24) [8]. Regge and

Wheeler then form a single wave equation by defining Q(r).

Q(r) =
(1− rs

r
)h1

r
(25)

Then since equation (24) is a result of equation (22) and (23), we can eliminate h0

then substituting in Q(r) we get a single radial wave equation for the odd parity

perturbation. In the notation of Regge and Wheeler, dr∗ = dr/(1 − rs/r) and

k2
eff = k2 − L(L+ 1)(1− rs/r)/r2 + 3rs(1− rs/r)/r3.

d2Q

dr2
∗

+ k2
eff (r)Q = 0 (26)

Frank Zerilli, was able to show that the even parity perturbation satisfies the same radial

wave equation with a different effective potential, keff [12].

2.1.3. Static Modes In equation (21), and the corresponding equation for even modes,

if k = 0 we get time independent behavior. Additionally, if we select L = 0 or

L = 1, M = 0, the even modes reduce to a perturbation that leading to rs → rs + δrs
This transformation corresponds to a simple change in mass M → M + δm. The

even modes for L = 1,M 6= 0 only show a displacement of the central singularity,

r → r + cos θδz, θ → θ + (sin θδz/rs)ln(1 − rs/r). And for modes with L > 1, Regge

and Wheeler argue that these modes do not describe the stability of the metric as they

represent masses far away from the black hole which would deform the black hole [8].

2.1.4. Dynamic Modes For dynamic modes, k 6= 0 such that k is real, we can analyse

the behavior as r → rs and r → ∞, as done by Regge and Wheeler. Since the general

solution to the wave equation are the confluent Heun functions, the behavior in these

limits are as in equation (27) and (28).
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Q ∼ Const eiδ(
r

rs
− 1)ikrs + h.c r → rs (27)

Q ∼ Const sin(kr + η) r →∞ (28)

Then, if we analyse the radial wave equation in these limits, there are three cases

discussed by Regge and Wheeler, summarized by Kip Thorne [1].

The first case is to have high frequency, k > 1/rs, which do not change radially.

These waves propagate into the black hole from r >> rs.

The second case is to have low frequency, k < 1/rs, near the r = rs that decay as

r → ∞. These waves propagate out of the black hole and are trapped by the effective

potential.

The third case is to have high frequency for r >> rs which decay near r → rs.

These waves propagate toward the black hole then reflect off of the curved space time.

Lastly, Regge and Wheeler argue that waves with imaginary values of k are

nonphysically, as waves would grow without bound.

2.1.5. Concluding Mode Stability Now, static waves were shown to only cause a change

in rs, for M = 0, or shift the location of the central singularity, L = 1, M 6= 0. For

L > 1 the perturbation was non-applicable to the statement of stability. Additionally,

dynamic waves were shown to only be scattered or absorbed by the black hole for real

frequencies and imaginary frequencies were shown to be nonphysical. Therefore, for

both even and odd parity modes, it was shown that the Schwarzschild metric is stable

to mode perturbations.

2.2. Linear Stability

Linear stability can be further subdivided into linear scalar stability and general linear

stability. The former refers to the stability of perturbations in the scalar field theory

from section 1.3. The latter refers to the fully general linear tensorial perturbation, hµν .

2.2.1. Linear Scalar Perturbation The statement of stability of linear scalar

perturbations differs from the previous statement of modal stability as it is not implied

that infinite superpositions of modes will still be stable, or that all finite energy solutions

can be represented as a superposition of modes with real frequencies [4]. Thus, the

previous modal analysis will need to be expanded or an alternative approach must

be taken to prove stability of linear scalar perturbations. One such approach is to

show that all linear scalar perturbations are bounded after infinite time and that these

perturbations will decay asymptotically.

The first step to the new approach requires bounding the perturbation. Kay and

Wald were able to prove the perturbation is bounded in their 1986 paper, in which they

define two theorems proven for linear scalar perturbations in the Schwarzschild metric

[6]. Their two theorems can be generalized to one theorem, outlined in [4].
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Kay-Wald Theorem:

Consider ψ to be a solution to Klein-Gordon wave equation, equation 10, arising

from sufficiently regular initial data on a Cauchy hypersurface in a manifold with a

Schwarzschild metric, (M, gM), then for the exterior region up to and including the

horizon,

|ψ| ≤ Const
√
D, (29)

for some higher order energy scale, D, evaluated on the initial hypersurface.

This theorem expands on Wald’s initial 1979 manuscript in which they were able to

prove a bound for regions exterior to the black hole but excluding the horizon [9]. Their

proof relies on showing that the Cauchy data is bounded if the initial data is sufficiently

regular, or sufficiently smooth, and the spherical symmetry of the maximally extended

Schwarzschild metric.

The second step to the new approach would be to prove the perturbations must

decay with time. This was proven by Dafermos and Rodnianski in 2007, without the

use of spherical harmonics [3]. In their paper, they are able to prove that that

|ψ| < Const

t− r∗
. (30)

Where r∗ is the same variable as defined in section 2.1.2. Thus, it is shown that linear

scalar perturbations are bounded and decay asymptotically with time. This proves the

statement that the Schwarzschild family of black holes are stable under linear scalar

perturbations without needing to decompose the perturbation into harmonic modes.

This is an important notion as non-linear stability will need to be proven with a similar

method. Further, the proofs for both theorems are founded on the Cauchy problem

for partial differential equations which will come to be a more rigorous and applicable

foundation for future proofs of stability [3] [2].

2.2.2. Notes on General Linear Perturbation The proof of linear scalar perturbations

is insufficient for proving the statement of general linear stability. However, through

a generalization of the theorems used in proving scalar linear stability, Dafermos and

Rodnianski, were able to prove completely general linear stability of the Schwarzschild

metric [2]. Their proof uses Eddington–Finkelstein double null coordinates and

bounds all curvature and Ricci coefficients associated to the double null foliation [7].

Additionally, they used a method called the vectorfield method which is also used in

specific cases of non-linear stability. The proof is quite involved but the statement

of stability is rigorous and thought of as the main segue to statements of non-linear

stability.



Black Hole Stability 10

2.3. Non-Linear Stability

The highest form of stability is that of non-linear stability. The proof of non-linear

stability has only been proven in general for the Minkowski metric, however for specific

non-trivial perturbations it has been proven for other metrics. In particular, Klainerman

and Szeftel, were able to prove the the Schwarzschild metric is stable under axial

symmetric, polarized, non-linear perturbations [7]. This simplifies the problem as it

allows a predictable way to track changes in mass and maintain curvature that can use

similar methods as those used to prove linear stability. In addition to the methods

used to prove linear stability, Klainerman and Szeftel uses a new method called General

Covariant Modulation [7]. This method is used to define the center of mass frame

of the final state, dynamically, which Klainerman and Szeftel stresses is key to their

procedure. Additionally, Klainerman and Szeftel point out that their restriction on the

perturbation is to maintain that the metric stay in the Schwarzschild family of solutions

and conjecture that the procedure might apply for more general assumptions as well,

however it remains unproven [7].

3. Stability in the Kerr Black Hole Family

The concern for the stability of the Kerr black hole family is arguably justified more so

than for the Schwarzschild metric. It is conjectured, on solid grounds, that almost all

cosmological bodies are rotating, especially bodies that form due to collapse. As such,

proving the stability for rotating black holes is more applicable to physics in reality

[10]. Inconveniently, Kerr black holes endow a sort of inherent complexity making their

stability much more difficult to prove. Unlike the Schwarzschild and Minkowski metrics,

the Kerr metric has not been rigorously shown to be stable to general linear or nonlinear

perturbations.

3.1. Mode Stability

Mode stability of the Kerr metric was first proved by Whiting in 1989 [10]. Whiting’s

paper starts by introducing the Boyer-Lindquist coordinates, equation (31).

ds2 = −∆

ρ2
(dt− a sin2(θ)dφ)2 +

sin2(θ)

ρ2
((r2 + a2)dφ− adt)2 +

ρ2

∆
dr2 + ρ2dθ2 (31)

Where ∆ = r2 − 2Mr + a2 and ρ2 = r2 + a2 cos2(θ). Then, using the Newman-Penrose

scalars, ψ∗s, Whiting is able to write a separable equation using the Teukolsky equation

(32). This allows for the separation of variables of the perturbation into a form that

has unknown radial and θ dependence as well a trivial temporal and φ dependence.

Whiting points out that unstable modes will have positive imaginary frequencies and

will become unbounded in the future. Whiting then uses a differential transformation

to define a new angular function. Similarly, a new radial function is defined using an

integral transformation. Finally, once these new functions are defined, Whiting proves

that the unstable modes are mapped to bounded solutions, creating a contradiction, thus
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there can be no unstable modes for the Kerr metric. This proves full modal stability of

the Kerr metric.

3.1.1. Teukolsky Seperation of Variables The Teukolsky relations are equations that

use the Newton-Penrose scalars and the seperation of the Teukolsky master equation,

which for the Kerr metric is equation (32) [5].[
∂

∂r
∆
∂

∂r
− 1

∆

[
(r2 + a2)

∂

∂t
+ a

∂

∂φ
− (r −M)s

]2

− 4s(r + ia cos(θ))
∂

∂t

+
∂

∂ cos(θ)
sin2(θ)

∂

∂ cos(θ)
+

1

sin2(θ)

[
a sin2(θ)

∂

∂t
+

∂

∂φ
+ i cos(θ)s

]2

ψ∗s = 0.

(32)

Then, using the ansatz, ψ∗s = e−iωt+imφRs(r)Ss(θ) we are able to define two separated

differential equations [5]. Whiting points out the similarity between the two equations

and is able to write a general equation (33) [10].[
∂xx − α2 +

ακ+ λ+ 1
2
κ2

x
+

1
4
− β2

x2
+
ακ− λ− 1

2
κ2

x− 1
+

1
4
− γ2

(1− x)2

]√
x(x− 1)u = 0 (33)

For the angular function, Ss(θ),

x =
cos(θ) + 1

2
, u = Ss,

α = 2aω, κ = s,

β =
s−m

2
, γ =

s+m

2

λ =
1

2
+ α(γ − β)− 1

2
(γ − β)2 + (λT + s).

For the radial function, Rs(r),

x =
r − r−
r+ − r−

, u = Rs,

ε0 =
r+ − r−
r+ + r−

α = 2iMωε0, κ = s− 2iMω,

β = (s/2 + iMω)− (i− ε0)(Mω − /2M),

γ = (s/2 + iMω) + (i− ε0)(Mω − /2M),

λ =
1

2
+ α(γ − β)− 1

2
(γ − β)2 + (λT + s).

Note that in these equations, λT is a separation constant. The transformations used in

the proof of stability should keep (s+ λT ) and singular points, both number and type,

unchanged [10].
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3.1.2. Differential and Integral Transformations With the separated equations (33) for

Rs and Ss fully defined, transformations can be applied in order to map unstable modes

to bounded solutions. First, using a differential transformation, we can define a map to

an equivalent solution ũ, that can be defined by the following mapping of α, κ, β, and

γ,

For n = εκ+ ε′β + ε′′γ > 0 with ε, ε′, ε′′ being ± 1 then,

α̃ = −εα, κ̃ = ε′β + ε′′γ,

β̃ = n/2− εβ, λ̃ = λ,

γ̃ = n/2− ε′′γ.

Then the differential transformation can be of the form,

ũ = eα̃xxβ̃(x− 1)γ̃(
∂

∂x
)neεαxxε

′β(x− 1)ε
′′γu.

The result of this transformation, for n = |s−m|, ε = sgn(s−m), ε′ = sgn(s−m), ε′′ =

−sgn(s − m) is the mapping of solutions to an equivalent angular function, equation

(34),

Tmls = (sin(θ))|s−m|
[
ε

∂

∂ cos(θ)
+ aω +

s+m cos(θ)

sin2(θ)

]|s−m|
Sslm(θ). (34)

Using a similar tactic, we are able to use an integral transformation to transform

u→ ũ =
∫ B
A
K(x, y)u(y), where,

K(x, y) = eᾱxxβ̄(x− 1)γH(x, y)e−αyyβ(y − 1)−γ

ᾱ = εα, κ̄ = ε′β − ε′′γ,
β̄ = n/2, λ̄ = λ,

γ̄ = n/2− εκ (35)

We are able to define an equivalent radial function, for n = |2s|, ε = −1, ε′ = −1, ε′′ =

−1, which is given by equation (35),

Kmls =

∫ ∞
r+

eᾱxxβ̄(x− 1)γ(x+ r + 1)−n−1e−αrrβ(r − 1)−γR−|s|lm(r)dr (36)

Where Kmls is chosen to be the new bounded radial function [10]. Finally, combining

these two mappings, we get the equivalent solution to equation (32),

Φs = e−iωt+imφKs(r)Ts(θ). (37)

3.1.3. Concluding Mode Stability After constructing equation (37), Whiting shows that

a conserved energy can be defined, in the sense that ∂tE = 0, which takes the form,

∂t

∫
drdΩ

[
(f(r) + a2 cos2(θ))|∂Φ

∂t
|2 + ∆|∂Φ

∂r
|2 + |∂Φ

∂θ
|2 + s2(

1− cos(θ)

1 + cos(θ)
+

1− r+

r − r−
)|Φ|2

]
= 0. (38)

Since every term in equation (38) is integrable, and as such the time dependent

terms cannot grow without bound, even for unstable modes. Thus, under the chosen
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transformations the radial and angular functions for unstable modes will be mapped

to a bounded solution. Therefore, if unstable modes exists, they must map to new

solutions that are both bounded and unbounded, which is a contradiction, thus it can

be concluded that no unstable modes exist [10]. This proves full mode stability of the

Kerr metric as all unstable modes have been ruled out.

3.2. Higher Order Stability

As with the statement of non-linear stability of the Schwarzschild metric, higher order

stability of the Kerr metric remains an open problem [2]. The complexity required by

such a proof makes the problem exceedingly difficult. However, stability under special

cases of higher order perturbations are being explored such as scalar linear perturbations

and axial symmetric perturbations [7].

4. Conclusion

The stability of the vacuum solutions to the Einstein Equation are at the forefront

of General Relativity and cosmological research. Understanding the dynamics and

reactions of black holes under perturbation is vital to understanding their evolution

and existence in nature. In the works of Regge and Wheeler [8], the modal stability

of the Schwarzschild metric was proven and the foundation for the black hole stability

problem was birthed. Further, at the hands of Kay and Wald [6], bounds for the growth

of scalar linear perturbations were proven for the Schwarzschild metric which would

later be expanded by Dafermos and Rodnianski [3] to prove the decay of scalar linear

perturbations and achieve a complete statement of stability for the Schwarzchild metric

under linear scalar perturbations. Remarkably, Dafermos, Holzegel, and Rodnianski

would expand their proofs further to prove full linear stability for the Schwarzchild black

hole [2]. These methods were later expanded to prove stability in the special case of

axial symmetric, polarized, non-linear perturbations by Klainerman and Szeftel [7]. The

problem for stability of the Schwarzschild metric with general non-linear perturbations

remains an open problem.

Further, Whiting was able generalize mode stability to the Kerr family of rotating

black holes, which is arguably more crucial to reality as nearly all cosmological bodies

are rotating to some degree [10]. Further, works on proving more general stability in the

Kerr metric rapidly run into complexity, however current work is being done to prove

linear stability of the Kerr metric in special cases [7]. Just as with the Schwarzchild

metric, the problem for stability of the Kerr metric with general perturbations remains

an open problem.
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