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1 Introduction

In this project, I will be mainly focusing on reviewing one of the earliest attempts ([1]) at incor-
porating spin into the Effective One Body (EOB) theory. In classical mechanics, we know that
a conservative system of system of two masses m1,m2, can be described (in the centre of mass
frame) by the dynamics of a test particle of mass µ = m1m2/(m1 +m2) in a central gravitational
field , Similarly, in GR , the idea of EOB, is to map the dynamics of two spinning black holes
m1,m2,S1,S2 to the dynamics of a ”effective ” of mass µ = m1m2/(m1 +m2) in an effective metric
geffµν which is parameterized by the total mass M, the symmetric mass ratio ν and the effective
spin vector Seff

One common approach used to solve for the equations of motion and gravitational radiation
is to expand the Hamiltonian as a power series, i.e., powers of (v/c)2 and get the approximate
solutions by truncating the power series to the desired order (accuracy). While this approach is
really good for describing the inspiral part of the BBH motion, it fails to describe the motion close
to the merger. This is because the PN series converges very slowly around the r that corresponds
to the Last Stable orbit.

Another direct approach is to numerically solve the BBH dynamics.This is very robust but
computationally intensive. Hence, although it will solve the dynamics and provide the waveform
for a given set of BBH parameters, it is non-trivial to create a template bank of NR waveforms,
that densely populates the parameter space of BBH sytems detectable to the GW detectors.

An EOB method consists of the following three parts:

• Describing the Conservative (Hamiltonian) part of the dynamics

• Describing the non-conservative i.e., radiation reaction part of the dynamics

• Describing the Gravitational wave emission from a Compact Binary System
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The idea is that there will be a one to one map between the ”complicated” real particle Hamilto-
nian Hreal and the EOB effective Hamiltonian Heff , and, that working with the dynamics of Heff

will be far simpler.
Another unique feature of EOB is to write the functions in a resummed form, i.e., some non-
polynomial function of the symmetric mass ratio rather than in the Taylor series form. While
doing this there are some free parameters introduced, that can be ” optimally tuned” by either
comparing to NR results, or by imposing physical constraints. The resummation methods are
powerful as, unlike Taylor expansions, they will have much better convergence and agreement with
NR results during the plunge phase of the BBH.

The authors of [2], have shown that the convergence properties of the Pade resummed versions
of the energy Functions are much better that the Taylor expanded version. A small illustration is
shown in the Appendix of this report.
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2 EOB model for spinning BBHs

This an example of one of the early EOB models developed by [1, 3, 4]. As expected for an
EOB approach,the work is done in the centre of mass frame, with the relative position vector
R = X1 −X2, and relative momentum vector P = P1 −P2. We represent the total mass and
the reduced mass by, M = m1 + m2 and µ = m1m2/(m1 + m2). The ”reduced” position and
momentum vectors are given by,

r =r/M (1)

p =P/µ. (2)

In the spirit of the EOB formalism, we consider the dynamics we assume an ”effective particle”
with mass µ and spin σ in a Kerr metric background corresponding to the mass M and spin Skerr

We consider from [3], that the Hamiltonian of the BBH system Hreal is related to (by a one-
one map) the ”effective” Hamiltonian corresponding to the effective particle Heff by the relation
(derived in [5]),

Hreal = Mc2

√
1 + 2ν

(
Heff

µc2
− 1

)
. (3)

where ν = m1m2

(m1+m2)2 is the symmetric mass ratio.

The effective Hamiltonian can be written as

Heff (R,P, S1, S2) = HeffKerr(R,P,Skerr) +Heffpart(R,P, σ) +Heffspin−spin(R,P,S1,S2). (4)

In terms of the metric components,

HeffKerr(R,P,Skerr) =βiPi + α
√
µ2 + γijPiPj +Q4 (5)

Heffpart(R,P, σ) =
R2 + a2 −∆t(R)

(R2 + a2)2)− a2∆t(R) sin2(θ)
L.σ (6)

Heffspin−spin(R,P,S1,S2) =a3PN
SS ν

Skerr · S∗

R4
. (7)

where α = (−g00
eff )

−1/2 , βi = g0i
eff/g

00
eff , γ

ij = gijeff −
g0i
effg

0j
eff

g00
eff

.

Q4(R,P) is the quartic momentum term. The value of a3PN
SS is not fixed and will be one of the

tunable parameters for this EOB approach. Further,

∆t(R) = R2P n
m

[
A(R) +

a2

R2

]
. (8)
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where A(R) is a function whose expansion upto 3PN is known and P n
m denotes the operation

of taking the (n,m)th Pade approximant (i.e., the rational function formed by the division of an
nth order polynomial by a mth order polynomial) and a = SKerr/M

Let us make the following definitions

ni =X i/R (9)

si =Sikerr/Skerr (10)

cos θ =nisjδij (11)

ρ =
√
R2 + a2 cos2 θ. (12)

The metric components are given by,

g00
eff =− (R2 + a2)2 − a2∆t(R) sin2(θ)

ρ2∆t(R)
(13)

g0i
eff =

a(R2 + a2 −∆t(R))

ρ2∆t(R)
(s×R)i (14)

gijeff =
1

ρ2

[
∆R(R)ninj +R2(δij − ninj)

]
− a2

ρ2∆t(R)
(s×R)i(s×R)j. (15)

Here, ∆R(R) = ∆t(R)/D(R) and again, we know D(R) to 3PN order

To signify accuracy up to the kth Taylor exponent, we call A(r),D(r) as Ak(r)and Dk(r).Now,

Ak(r) =
i=k+1∑
i=0

ai(ν)

ri
(16)

Dk(r) =
i=k∑
i=0

di(ν)

ri
. (17)

The coefficients ai and bi are known to the 3PN order (for k=4). We would like to use the 4PN
coefficient a5(ν), as it was crucial in the non- spinning BBH case, to improve the match between
the EOB and NR waveform. It turns out that when we try to extend this to the 5PN order, the
Pade approximant of ∆t(R) has poles at many values of spin when a > 0.7M . To circumvent this
problem one solution could be to add higher order spin terms in Ak(r) and calibrate coefficients
with the equal mas BBH case of ν = 1/4.

In the study [1], they use the value of the a5 to be the value when calibrated to an equal mass
BBH .ie, a5 = a5(1/4) = 1.775.

The limit a −→ 0 should reduce to the case of non-spinning BBH. Hence, looking at the ex-
pression of ∆t(R) in the non-spinning case, the authors of [1] choose the m = 1, n = 4 Pade
approximant. Similarly they choose the exact same function for D(r). This now fixes the repre-
sentation of ∆t(R) and ∆R(R) for the EOB model.

Now we investigate conditions enforced by matching the Spin-orbit Hamiltonian and spin-spin
Hamiltonian to match the corresponding terms in Heff .
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1. Spin orbit terms:

[HeffKerr +Heffpart]spin−orbit =
2

R3
L ·

(
geffS S + geffS∗ S∗

2

)
. (18)

Here,

S =S1 + S2 (19)

S∗ =
m2

m1

S1 +
m1

m2

S2. (20)

and geffS , gS∗eff are the effective gyro-gravitomagnetic ratios. These are written in gauge
invariant form, in terms of gauge parameters a(ν) and b(ν) as:

geffS =2 +

[
3

8
ν + a(ν)

]
p2 −

[
9

2
ν + 3a(ν)

]
(n · p)2 − [ν + a(ν)]

1

r
(21)

geffS∗ =
3

2
+

[
5

8
+
ν

2
+ b(ν)

]
p2 −

[
15

4
ν + 3b(ν)

]
(n · p)2 −

[
−1

2
+

5ν

4
+ b(ν)

]
1

r
. (22)

The crucial point to note that the while the choice of a(ν) and b(ν) does not change the
exact Hamiltonian, we are using an approximate Hamiltonian. Hence, we need to treat a(ν)
and b(ν) as tunable parameters for the EOB formalism.

2. Spin-spin terms (upto 2 PN). At 2PN order, we require that

SKerr = S + S∗. (23)

Hence,

σ =

(
geffS S + geffS∗ S∗

2

)
− Skerr =

(geffS − 2)S + (geffS∗ − 2)S∗

2
. (24)

Right now, in this EOB model the Hamiltonian now depends on 3 tunable parameters, a(ν), b(ν)
and a3PN

SS . Since the authors of [1] are calibrating the EOB waveform with aligned spin NR
waveforms, they decide to further restrict to a(ν) = 0.

Now we look into the radiation reaction (non-conservative) part of the dynamics. Let F be the
non-conservative force term added to the relative momentum. Therefore by Hamilton’s equations

dX i

dt
={X i, Hreal} =

∂H

∂Pi
(25)

dP i

dt
={P i, Hreal}+ Fi = − ∂H

∂Xi

+ Fi. (26)

In terms of the orbital frequency, Ω,

Fi =
1

Ω|L|
dE

dt
Pi. (27)
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The grasvitational wave Energy flux is given by

dE

dt
=

1

16π

8∑
l=2

l∑
m=−l

|ḣlm|2 (28)

=
1

16π

8∑
l=2

l∑
m=−l

|hlm|2
(
mΩ̂
)2

. (29)

where Ω̂ = MΩ

The Spins S1 and S2 must follow the Poisson bracket relations,

{Sia, S
j
b} = εijkSkaδab. (30)

Therefore the dynamics of the spins is given by,

dS1

dt
={S1, Hreal} =

∂Hreal

∂S1

× S1 (31)

dS2

dt
={S2, Hreal} =

∂Hreal

∂S2

× S2. (32)

Finally, it so happens that replacing the radial momentum PR with the conjugate momentum
of the turqiose coordinate gives much better convergence properties, (transformation is done in
the appendix of [5]). At the event horizon the conjugate momentum PR of the radial coordinate
diverges but the conjugate momentum of the tortoise radial coordinate PR∗ does not diverge.

In this example the authors of [1] start the EOB evolution of the binary at a large seperation of
50M . The Numerical relativity simulations used to calibrate the EOB model start at a seperation
of 16M , by which time EOB trajectory should be sufficiently circularized and the eccentricity
effects can be ignored. Also the Spin variable in the EOB model is assumed to be of constant
magnitude.

3 EOB orbit Properties

We study the implications the EOB model has on the Innermost Stable Circular Orbit (ISCO) , the
light ring (the unstable circular orbit of a massless particle) and the maximum orbital frequency.
For these computations , we assume that the motion is in the equatorial plane. The ISCO radius
is solved by simulteneously solving (at PR∗ = 0) :

dPR∗

dt
=
∂H

∂R
= 0 (33)

−∂Ueffective
∂R

=
∂2H

∂R2
= 0. (34)

At this position the orbital frequency, in the non spinning limit is given by,

Ω̂ISCO = 6−3/2[1 + 0.9837ν + 1.2543ν2 + 5.018ν3 +O(ν4)]. (35)
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We see that the 4th order term contributes less than 1%, but when the linear order term is com-
pared to the linear order term from the NR simulation (1.2513), there is a 21% difference. This
can be attributed to the fact that the EOB Hamiltonian model in this study does not capture the
ν dependence properly at the 4 PN order.Also around a = SKerr/M > 0.8M , the radius starts
increasing with a, which is contrary to the dependence of the ISCO radius on spin magnitude in
the test particle limit. Since this issue occurs only at high spin values, the EOB model chosen for
the study should still work great for moderate spins i.e., a < 0.5.

The light ring is computed from the EOB metric (or from HeffKerr). The procedure is similar
to the one in homework 4 problem 3, where the photon being a null vector,

gαβeffpαpβ = 0. (36)

gives the orbit equation dR∗/dτ as a function of Eeff, J,R∗. Then to get the light ring, we
set,dR ∗ /dλ = 0

An interesting consequence of going through his computation is that this EOB Hamiltonian
does not give a maximum orbital frequency, but if we restrict the EOB Hamiltonian to only the
”Kerr part”, then we find a maximum orbital frequency at a R that is close to the light ring radius.
Not finding a maximum orbiting frequency is an artifact of the spin orbit coupling term in the
effective Hamiltonian (Heffpart(R,P, σ)). This part of the Hamiltonian does not reduce to the test
particle limit and has been improved in [6]

Even with this problem in this EOB Hamiltonian, when the corresponding EOB waveform is
aligned with the NR waveform the light ring position differs only by 0.6M with the peak of the
h22 amplitude.

4 EOB waveform

4.1 Inspiral-Plunge

The resummed waveforms are given by

hlm =h
(N,ε)
lm ĥεlm (37)

hlm =h
(N,ε)
lm Ŝ

(ε)
effTlme

iδlmflm . (38)

here, ε = 1
2

(
1 + (−1)(l+m)

)
is 0 when l +m is odd and 1 if it is even.

h
(N,ε)
lm is the Newtonian contribution term.

h
(N,ε)
lm =

Mν

R
n

(ε)
lmv

(ε+l)
Φ Y l−ε,−m (θ = π/2,Φ) . (39)
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Here R is the source distance and frome [7]

nlm(ε = 0) =(im)l
8π

(2l + 1)!!

√
(l + 1)(l + 2)

(l − 1)l
(40)

nlm(ε = 1) =(im)l
8πi

(2l + 1)!!

√
(2l + 1)(l + 2)(l2 −m2)

(l − 1)(l + 1)l(2l − 1)
(41)

cl+ε(ν) =νl+ε−1
2 + (−1)l+ενl+ε−1

1 . (42)

where, if m1 > m2, ν1 = 1− 2ν and ν2 = 2ν, otherwise just flip the labels 1 and 2.

vΦ =rΩΩ̂ (43)

rΩ =Ω
−2/3
circ =

(
M
∂Heff (PR = 0)

∂PΦ

|PΦ=PΦ,circ

)2/3

. (44)

Here, ĥεlm represent all the other(non Newtonian) factors in the multiplicative decomposition
which are resummed version of the PN corrections .

Seff is the effective source terms that in the test particle, circular motion limit contains a pole
at the EOB light ring.

Ŝ+
eff =Ĥeff (45)

Ŝ−
eff =L̂eff = |r× p∗|. (46)

The term Tlm represents the transfer function which relates the far zone amplitude of hlm to
the near zone amplitude and is given by

Tlm =
Γ(l + 1− 2iκ)

Γ(l + 1)
eπκe2iκ log(2kr0). (47)

κ = GHrealmΩ eiδlm is a phase correction term . The function flm collects the remaining terms on
the RHS and can also be written in a resummed form as shown in [7].

The Non-Quasicircular effects are added to the quasicircular waveform by introducing four
more tunable EOB parameters in the following way:

hinsp−plungelm = hlm

[
1 + ahlm1

p2
r∗

(rΩ̂)2
+ ahlm2

p2
r∗

(rΩ̂)2

1

r
+ ahlm3

1

r3/2

p2
r∗

(rΩ̂)2
+ a

hlm
1
r2

4

p2
r∗

(rΩ̂)2

]
. (48)

4.2 Merger-ringdown

THe merger-ringdown part of the waveform is modelled as a linear combination of Y 22
−2 Quasi-

normal modes with seven overtones n = 0, 1, ..., 7 . The frequencies of these Quasinormal modes are
known. For the simulation, the coefficients are fixed by a technique called hybrid comb matching.
The NR and EOB waveforms are matched for the matching time tlmmatch set at the EOB light ring
position. The matching interval ∆tlmmatch is yet another tunable parameter .
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5 Calibrating EOB waveforms with NR simulations

5.1 Procedure

Two aligned spin numerical waveforms, one with both the spins up. and the other with both
the spins down (UU and DD configurations) are used to calibrate the spin EOB model. In [5],
the authors extracted the Newman-Penrose scalars and the numerical strain waveforms using the
Regge-Wheeler-Zerilli (RWZ) formalism.

There are a total 6 EOB tunable parameters in this model:

• EOB Dynamics parameters: b(ν), a3PN
SS from the EOB Hamiltonian ,

• EOB NQC parameters:ah22
1 , ah22

2 , ah22
3 from the non-quasicircular waveform

• EOB waveform parameter:The matching interval ∆tlmmatch.

The RWZ extracted numerical h22 waveform is used to caliberate these EOB parameters. While
the NP scalras are used to estimate error in the numerical extraction scheme.
Note that the EOB-NQC parameters enters both the EOB dynamics through the energy flux ex-
pression and the EOB NQC waveform. Also the ∆tlmmatch enters only the mergere ringdown part of
the waveform and not the inspiral part.

The calibration is done in the following steps

1. Simultaneously reduce the difference in the EOB waveforms and the NR waveforms for both
the UU and DD configurations by calibrating the EOB Dynamics and EOB NQC parameters.

2. Once the EOB dynamics and the EOB MQC parameters are fixed , the EOB waveform
parameters are tuned.

An iterative procedure is used to do the first step, wherein, for each iteration, the quantity,

∆φspan = max
t

∆φ(t)−min
t

∆φ(t) (49)

is minimized. Note that : ∆φ(t) = φEOB − φNR. The main goal of the calibration procedure is
to ensure that the phase difference between the EOB and NR waveforms close to the merger is
minimized subject to the condition that the phase difference during the inspiral is within numerical
error bounds. Also, it so happens that the, phase difference between EOB and NR accumulates
monotonically (as opposed to cancelling out on an average) in the last half cycle before merger.
Hence the above mentioned minimizing scheme is better suited compared to other schemes like
minimizing maxt |∆φ(t)| The time intervals are different for the UU and DD configurations but the
both start at ti = 500M . The end time for the UU configuration was chosen to be te = 2934.8M
while for the DD configuration the end time is at the peak amplitude of te = 2402.8M .
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The two EOB dynamical parameters b(ν) and a3PN
SS enter in the 3PN spin orbit coupling term

and the 3PN spin spin coupling term respectively. Hence, the UU and DD waveform phases change
in opposite direction when b(ν) is varied but change in the same direction while varying a3PN

SS . This
makes it possible to separately calibrate these two parameters.

The numerical h22 waveform DD- configuration waveform is used to calibrate the EOB-NQC
paramaters . ah22

1 , ah22
2 are fixed from the two conditions arising from forcing the peak of the nu-

merical h22 waveform to coincide with a local extremum of the EOB h22. The other two parameters
ah22

3 and ah22
4 are initially set to zeros,and are caliberated to the waveform to further reduce the

amplitude disparity. These NQC parameters enter into the flux equation 29, the process iterates
for about 5 iterations.

Then finally, ∆t22
match is chosen such that the differnece between the EOB-waveform and the

h22 DD configuration waveform is minimum.

5.2 Results upon comparing h22 waveforms

The authors of [1] first compared the phase difference for the uncalibrated EOB waveform, i.e.,
all six adjustable parameters set to zero, with the phase difference for the best available 3.5PN
Spin Taylor T4 waveform st that time. They found that the phase differences of the uncali-
brated EOB with the numerical UU and DD waveforms were, -0.2 rad respectively 4.3 rad. While
the phase differences of the Spintaylor T4 with these numerical waveforms were 2.0 and -10.0 rad.
This implied that just the re-summing of the PN dynamics significantly improves phase agreement.

The optimum values of the tunable EOB parametrs are found to be:

b(ν) =− 1.65 (50)

a3PN
SS =1.5 (51)

ah22
1 =− 16.1052 (52)

ah22
2 =− 1124.43 (53)

ah22
3 =4529.21 (54)

ah22
4 =− 4587.53 (55)

∆t22
match =3.5M. (56)

For the UU configuration, the phase difference and the relative amplitude difference are within
0.01 and 1% respectively. So all is well for the UU configuration. For the DD configuration,
starting from ti = 500M , the relative amplitude difference, ∆A/A < 0.01, up to merger. After
merger ∆A/A goes. up to -0.05. This can be attributed to the large gauge effects in the RWZ
h22 waveform. The phase difference in the late inspiral is about 0.013 around t = 2300M . While
this can be reduced by calibrating b(ν) and a3PN

SS doing so compromises the phase difference at the
merger.

Another possible way to reduce this difference could be to add in more adjustable parameters
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in the NQC waveform, like for instance, bhlm1 in

hinsp−plungelm = hNQClm exp
(
bhlm1 pr∗/(rΩ̂)

)
. (57)

Doing so, does improve the difference at merger to 0.05, but the authors remark that it can run
into the problem of ”overtuning” the EOB model. So, if after studying other waveforms, if there is
compelling reason for more ”tuning” such a parameter can be added to the list of EOB adjustable
parameters.

Figure 1: Comparison between the numerical and EOB waveforms. The upper panels have the
strain waveforms while the lower panels have the relative difference in phase and amplitude. The
left panel is for the UU configuration and the right panel is for the DD configuration
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Figure 2: Amplitude and frequency plots for the numerical and EOB (2,2) waveform, EOB orbital
frequency and frequency of the NP Ψ22

4 scalar for the the DD configuration

Inspite of there being a small phase difference, the faithfulness of the EOB waveforms with
both, the UU and DD NR waveforms is more than 0.999 for BBHs systems with total mass
30Msun−200Msun.The overlaps between NR waveforms and the corresponding EOB waveform are
well above the accuracy requirement and the measurement requirement of events with SNR <
1000, which covers most LIGO sources.

Another point to note. is that while the light ring position differs from the location of the
maximum of the numerical h22 waveform by just 0.6M , there are large oscillations in the numerical
|h22| amplitude due to numerical gauge effects.

6 Comparison of higher order modes

The authors of [1], after calibrating the EOB waveform with the numerical h22 mode, compare the
other higher order multipoles in the inspiral stage(because of numerical oscillation before reaching
the peaks close to merger). As seen in the plots , except for the h32 plot in the DD configuration,
the EOB multipole amplitudes seem to match really well with the numerical waveform amplitude.
The authors of [1] attribute this discrepancy to the lack of knowledge of the subleading order PN
spin terms for the h32 mode. In other words the resummed f32 has a residual contribution at
leading order. Even applying the ρ resummation reduces the residual by a factor of three but still
its dominant over other terms.
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The plot also has Taylor expanded PN amplitudes plotted along with the EOB and NR am-
plitudes.They depend on the dynamical variables only through the orbital velocity (equation 44).
Note that the PN amplitudes here are not the adiabatic PN approximants like Taylor T4. The
Taylor expanded amplitudes and the resummed amplitudes are calculated using the same evolu-
tion equations i.e, the energy flux in both the cases has the same resummed EOB waveform term.
In one case the amplitudes are written in Taylor expanded for while thin the other case its the
resummed form.

We see from the plot that the resummed EOB amplitudes converge to the NR amplitudes much
better than the PN expanded amplitudes (except for the D(3, 2) case). The uncertainty in the the
(3, 2) mode happens to affect the Energy flux to the order of 10−4, which is much less than other
uncertainties in the EOB dynamics. For the remaining modes, the frequencies are within 0.5%
which is within numerical errors.

Figure 3: Comparison of numerical, EOB and Taylor expanded hider order mode amplitudes. The
left panel represents the UU configuration while the right panel represents the DD configuration.
The inset shows the dominant (2,2) mode during the late inspiral- plunge, without the addition
EOB-NQC,and waveform adjustable parameters

7 Conclusion

In this report, the main focus was on one of the earliest attempts done to calibrate a spin EOB
model to NR simulations of spinning, non-precessing BBHs. This relatively simple EOB model
(simple when compared to the most recent ones) was not perfect. In particular,the spin orbit
coupling Heffpart,causes there to be no maxima of orbital frequency for several values of the spin
parameter. Also this does not reduce to the test-particle limit prediction at orders greater than 2.5
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PN. Even with these drawbacks,which were subsequently solved, the h22 calibrated EOB model
has shown excellent agreement with the spin Up-Up and the Down-Down spin configurations of
NR simulations, not only for the dominant (2,2) mode but also for other higher order modes.

Fast forwarding to the current scenario of the EOB formalism, there have been several Spinning
Effective One body time series and frequency series waveforms (SEOBNR waveforms) developed
to date. Some examples of SEOBNR models included in the PyCBC framework are: SEOB-
NRv4 ROM, SEOBNRv4HM ROM, SEOBNRv4 ROM NRTidal, SEOBNRv4 ROM NRTidalv2,
SEOBNRv4 ROM NRTidalv2 NSBH, SEOBNRv4T surrogate, SEOBNRv1, SEOBNRv2, SEOB-
NRv2 opt, SEOBNRv3, SEOBNRv3 pert, SEOBNRv3 opt, SEOBNRv3 opt rk4, SEOBNRv4,
SEOBNRv4 opt, SEOBNRv4P, SEOBNRv4PHM, SEOBNRv2T, SEOBNRv4T,SEOBNRv4 ROM NRTidalv2,
SEOBNRv4 ROM NRTidalv2 NSBH etc..There are also many more simulated NR waveforms (like
NRSur7dq4) now that can serve as candidates for calibrating the EOB waveforms.

There has been recent development towards developing SEOBNR waveforms for precessing
BBHs, like for example in [8].In these systems the Spins and the angular momentum of the black
hole are not aligned. Also combined with the BBH with asymmetric masses, this combination has
a significant contribution from higher order modes, many of which will now be non-degenerate
(compared to the non-precessing case). Having templates that measure these modes properly
would give more information on formation mechanism of CBC sources, cosmological parameters
measure by GW observations and improved tests of GR.
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Figure 4: Comparison of the latest waveform models to the PRECBBH00078 NR waveform. BH
spins are 0.7. The NR waveform all modes upto and including l = 4. IMRPhenomPv3 and
SEOBNRv4P have only the l = 2 modes and hence have relatively high values of the unfaithfulness.
IMRPhenomPv3HM and SEOBNRv4PHM include higher order modes and have less value of
unfaithfulness.

In figure 4, unfaithfulness parameter is 1− Fax where

FAX = max
Φ,∆t

(hnumerical, hwaveformmodel) . (58)

and (hnumerical, hwaveformmodel) is the normalized matched filter inner product between the two
waveforms.

8 Appendix:LSO Location from Taylor and Pade approx-

imants in a Schwartzchild geometry

In this section, following [2], we compare the estimates of the Last Stable Orbit (LSO) position
from the Taylor expanded Energy function and its resummed version. Consider a Schwartzchild
black hole of mass m1 and a test particle of mass m2. Let x = v2 = (πmfGW )2 = (mΩ)2/3 and
E(x) denote the energy function.
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Consider the quantities :

ε =
1− 2x√
1− 3x

(59)

e(x) =ε2 − 1. (60)

The energy function is given by

E(x) =
[
1 + 2ν[

√
1 + e(x)− 1]1/2

]
− 1 (61)

Now we assume that we know E(x) to only the 2PN order,

E2PN(x) = −ν
2
x

[
1− (9 + ν)x

12
−
(

27− 19ν +
ν2

3

)
x2

8

]
. (62)

From this we find,

e2PN(x; ν) = −x
[
1− (1 + ν/3)x− (3− (35/12)ν)x2

]
. (63)

Now, for simplicity, lets take the ν → 0 limit.

In this limit, we get
e2PN(x, ν = 0) = −x(1− x− 3x2). (64)

Now applying the diagonal Pade approximant to e2PN(x, ν = 0) we get,

eP4(x, ν = 0) = −x1− 4x

1− 3x
. (65)

Amazingly, this happens to be the exact expression for e(x, ν = 0).

Now, once we have the Pade approximant, ep4(x, ν = 0), we resubstitute this into the original
energy function E(eP4(x)), take the derivative of this, set it to zero and solve to find the LSO
position.

In this example, since eP4(x, ν = 0) matched perfectly with the exact expression of e(x, ν = 0),
the expressionE(eP4(x)) recovers the exact LSO location, xLSO = 1/6.

In short, from only the 2PN knowledge of e(x, ν = 0), on using the Pade approximant we got
the exact LSO position (denoted by xLSO).

Now, we compare this to the case where we directly use E2PN(x, ν = 0) differentiate it with
respect to x and set it to zero.We find that the LSO position obtained in this case is 1.4415xLSO .

Therefore, the 2PN expansion of e(x) followed by doing a Pade approximation step and then a
resubstitution of the Pade approximant into E(x) converged much better than the 2PN expansion
of E(x).
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